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Wall-pressure and velocity statistics in the turbulent boundary layer (TBL) on a cambered11
controlled-diffusion aerofoil at 8◦ incidence, a Mach number of 0.25, and a chord-based12
Reynolds number Re𝑐 = 1.5 × 105 are analyzed at four locations on the suction side with13
zero and adverse pressure gradients (ZPG and APG), characterized by increasing Reynolds14
numbers based on momentum thickness, Re𝜃 = 319, 390, 877 and 1036. The strong APG15
yields a highly non-equilibrium TBL at the trailing edge that significantly affects the16
turbulent flow statistics. Different normalizations of the full wall-pressure statistics involved17
in trailing-edge noise are analyzed for the first time in such strong APG with convex18
curvature, and compared with available experimental and numerical data. Good overall19
agreement is found in the ZPG region, and most results obtained in previous APG TBL20
can be extended to the present highly non-equilibrium case. The presence of strong APG21
augments the intensity of wall-pressure fluctuations noticeably at low frequencies, shortens22
the streamwise and broadens the spanwise coherence of wall-pressure fluctuations in both23
time and space, and significantly reduces the convection velocity. The wall-pressure power24
spectral density are found to scale with the displacement thickness, the Zaragola-Smits25
velocity and the root-mean-squared pressure, the latter possibly being replaced by the26
local maximum Reynolds shear stress. The other two key parameters to trailing-edge noise27
modelling, the spanwise coherence length and the convection velocity, rather scale with28
displacement thickness and friction velocity respectively.29

30

1. Introduction31

The wall-pressure fluctuations induced by a turbulent boundary layer (TBL) constitute an32
important source of noise and vibration in many applications. Such fluctuations, caused by33
eddies correlated over limited regions in the boundary layer, result in flow-induced loads that34
can either radiate noise directly or excite the underlying structure generating vibration and35
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noise, mainly in the low to mid-audio frequency range, where human annoyance to noise36
is particularly important. This topic is also of interest for many engineering problems. A37
few examples among many are fatigue cracking on panels of an aircraft fuselage induced38
by high-speed turbulent flow, or cabin noise transmitted by flexible structures loaded by39
TBLs excitation. In marine transportation, the noise generated by wall-pressure fluctuations40
has become quite important when considering the need for improved inboard comfort41
in high-speed ships. In particular, acoustic waves created by the scattering of the wall-42
pressure fluctuations at a sharp-edged body, such as a wing or a fan blade, are the cause43
of broadband noise, also known as trailing-edge (TE) noise (Brooks & Hodgson 1981;44
Tam & Yu 1975; Lee et al. 2021). As indicated in most aerofoil TE noise models based45
on acoustic analogies (Ffowcs-Williams & Hall 1970; Howe 1978; Curle 1955), the wall-46
pressure fluctuations can be an efficient sound source of dipole type that can be dominant at47
low Mach numbers. Indeed, such a noise mechanism is responsible for part or most of the48
airframe, propeller, low and high speed rotor and wind turbine noise, as well as other noise49
problems.50

In order to predict the disturbance produced by such turbulent flows, it is first necessary51
to model all the fluctuating properties that characterize the flow field. Indeed, as indicated52
in Blake (1986, 1970) and Bull (1996) for instance, the common modeling approach used53
to evaluate the structural response to a wall-pressure excitation induced by TBL requires54
a proper representation of the underlying structural forcing function, which presumes the55
correct representation of single and two-point turbulent wall-pressure statistics i.e. power56
spectral densities (PSD) , spatial and wavenumber spectra, convection or phase velocities.57
Furthermore, to address TE noise problems, Amiet’s model and its extension (Amiet 1976;58
Roger & Moreau 2005; Moreau & Roger 2009; Roger & Moreau 2012), which relies on59
Curle’s analogy combined with a compressible linearized Euler model for the wall-pressure60
fluctuations on an infinitely thin flat plate at zero incidence, is one of the most popular61
method as it only requires the prescription of PSD spectra near the TE, as well as the spatial62
cross-spectrum and convection velocities. Indeed, the PSD of the far-field acoustic pressure63
at any observer located at X = (𝑋1, 𝑋2, 𝑋3), for any angular frequency 𝜔, generated by a flat64
plate of chord length 𝑐 and span 𝐿 reads:65
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where 𝑘 is the acoustic wave number, 𝑆0 the corrected distance to the observer, 𝐼 the67
analytical radiation integral (or acoustic transfer function) given in Roger & Moreau (2005),68
𝑈𝑐 the streamwise convection velocity, 𝜙𝑝𝑝 the wall-pressure spectrum and 𝐿𝑧 the spanwise69
coherence length. It is then clear that a comprehensive study on scaling laws should consider70
all three parameters.71

In such a context, TBL characterization, both in measurements, simulations and modeling,72
has received a considerable amount of attention. Several experimental measurements have73
been carried out over the years on TBL wall-pressure fluctuations in order to estimate74
the statistical properties of the flow, mostly in zero pressure gradient (ZPG) TBLs on flat75
plates or inside tubes (Willmarth 1956; Bull 1967; Blake 1970; Farabee & Casarella 1991;76
Corcos 1962; Arguillat et al. 2010). Among them, Arguillat et al. (2010) performed direct77
measurements of the wavenumber-frequency spectrum of wall-pressure fluctuations beneath78
a turbulent plane channel flow in an anechoic wind tunnel, using a rotative array of 63 remote79
microphone probes; they analyzed the acoustic and the aerodynamic contributions from80
wall-pressure fluctuations by transforming space-frequency data into wavenumber-frequency81
spectra, underlining the importance of considering both contributions for an accurate noise82
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prediction. Recently, Van Blitterswyk & Rocha (2017) has published a more complete83
analysis of the physical relationship between wall-pressure and turbulence, combining a84
high-resolution wall-mounted microphone array and single hot wires to simultaneously85
measure both wall-pressure and velocity fluctuations induced by low Reynolds number86
ZPG TBLs. By performing simple statistical analysis and using a wavelet transform,87
Van Blitterswyk & Rocha (2017) was able to estimate the contributions from the buffer,88
logarithmic and outer layers to wall-pressure fluctuations, showing the effect of the hairpin89
structures contributing to the large-scale motions with increasing Reynolds numbers based90
on momentum thickness. Fewer authors have focused in depth on adverse pressure gradient91
(APG) TBL measurements (Bradshaw 1967; Schloemer 1967; Simpson et al. 1987; Salze92
et al. 2014, 2015). Among these, Schloemer (1967) has studied the effects of different93
pressure gradients, such as ZPG, mild APG and favourable pressure gradient (FPG), in94
a low-turbulence subsonic wind tunnel, comparing his findings for the ZPG case with95
previous published measurements. Schloemer (1967) drew several conclusions, such as a96
lower convection velocity ratio in the APG case with respect to ZPG one, a more rapid97
loss of coherence in the streamwise direction for the APG rather than for ZPG, as well98
as an increase of the dimensionless spectral density in the low-frequency content due to99
APG. Later, Salze et al. (2014, 2015) used a setup similar to Arguillat et al. (2010) to100
analyze wall-pressure fluctuations with both ZPG and APG TBLs. In the case of Salze101
et al. (2014, 2015), the mean pressure gradient was achieved by inclining the ceiling of the102
test section, the wall-pressure fluctuations were measured by using a pinhole microphone103
together with a high-frequency-calibration procedure and the wavenumber-frequency spectra104
were obtained using a rotating linear antenna of remote microphones. As discussed in the105
experimental review of Willmarth (1975) and Eckelmann (1988), accurate measurements106
are difficult due to the pressure transducer size or the wide range of pressure fluctuations or107
the probes sensitivity. Still today, a complete characterization of TBL wall-pressure spectral108
data is lacking, and no consistent experimental measurements are available in literature.109
From a modelling point of view, Bull (1996), Graham (1996), Graham (1997), Caiazzo et al.110
(2016), Caiazzo et al. (2018) and others have shown that a stochastic source reconstruction is111
considered as a good alternative to computational fluid dynamic (CFD) simulations to account112
for TBL excitations in an early design stage. On the other hand, detailed CFD simulations,113
i.e. large eddy simulations (LES) or DNS, guide engineering in modelling such turbulent114
statistics very precisely, addressing most of the complicated non-linear phenomena (Ciappi115
et al. 2019). Kim (1989) has computed DNS of ZPG turbulent channel flow. Later Choi &116
Moin (1990) revisited this work, computing three-dimensional (3D) wavenumber-frequency117
spectrum of the wall-pressure fluctuations and defined scaling laws for PSD and convection118
velocities. They have shown that an appropriate scaling for the different spectra is with outer119
variables at low frequencies and with inner variables at high frequencies; they observed that120
a discrepancy can be found between convection velocities as a function of wavenumber and121
as function of frequency and that the hypothesis of a constant convection velocity is valid122
only for large-scale structures, corresponding to low frequencies and low wavenumbers. A123
standard reference case for ZPG TBL flows is the work of Spalart (1988), who has analyzed124
flows at three Reynolds numbers based on momentum thickness 𝜃 (Re𝜃 ≡ 𝑈𝑒𝜃/𝜈 = 300, 670125
and 1410, with 𝑈𝑒 the TBL edge velocity and 𝜈 the kinematic viscosity). Na & Moin126
(1998) performed DNS of two TBLs, attached and separated, over a flat plate with different127
pressure gradients, observing that one of the major effects of a pressure gradient is to distort128
the turbulent velocity profiles. Their results reproduce the experiments of Watmuff (1989).129
More numerical work on TBL wall-pressure fluctuations on flat plate under APG has been130
carried out by Abe et al. (2005) and Abe (2017), who have investigated the Reynolds-131
number dependence of the pressure fluctuations. Over the past years, several researchers132
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have discussed the effect of ZPG and APG (Lee & Sung 2008; Schlatter et al. 2009a,b;133
Schlatter & Örlü 2010; Kitsios et al. 2016; Monty et al. 2011; Vila et al. 2017; Bobke et al.134
2017; Volino 2020). In general, due to the limitation found in experimental measurements,135
DNS have become increasingly used to understand the physics of turbulence and to test136
scaling laws. Recently, Cohen & Gloerfelt (2018) have studied the influence of the pressure137
gradients on wall-pressure beneath a TBL by carrying out LES for TBL under FPG, ZPG and138
both strong and weak APG, denoted as ”APGs” and ”APGw” respectively; they used inclined139
plates with different slopes to set the pressure gradients and compared their findings with140
various data available. However, all the above studies involve equilibrium turbulent boundary141
layers. As recalled by Cohen & Gloerfelt (2018), this mainly involves three main conditions:142

(i) a power-law relationship between the TBL edge velocity𝑈𝑒 and the curvilinear abscissa143
𝑠 along the wall;144

(ii) a linear variation of the outer length scale with 𝑠;145
(iii) some mean gradient parameters remaining constant along 𝑠.146

Moreover, only a few studies on curved surfaces, i.e. on aerofoils, can be found in which147
turbulence statistics are studied more in depth (Vinuesa et al. 2017; Tanarro et al. 2020).148
Furthermore, most of low- and high-speed compressing turbomachinery applications involve149
cambered, highly loaded aerofoils often operating in strong APG on the verge of separation,150
characterized by strong variations of Clauser parameter (𝛽𝑐) and acceleration parameter (𝐾)151
and consequently strongly non-equilibrium turbulent boundary layers not studied before.152

The present study thus focuses on both ZPG and varying APG effects in strongly non-153
equilibrium TBLs, by comparing turbulent statistics (both wall-pressure and velocity fields)154
developed over the same curved suction side of a cambered Controlled Diffusion (CD)155
aerofoil. A three-dimensional compressible Navier-Stokes direct numerical simulation (NS-156
DNS), described in Wu et al. (2018), of the flow over a CD aerofoil at a 8◦ geometrical157
angle of attack, is used. The considered chord-based Reynolds number is Re𝑐 = 1.5 × 105158
and the free-stream Mach number is 𝑀 = 0.25. The purpose of this study is to enrich the159
lack of DNS data in ZPG and APG TBLs on aerofoils by investigating in detail turbulent160
statistics at four increasing Reynolds numbers based on the momentum thickness. Such a161
CD profile, used in several previous studies by Roger & Moreau (2005), Wang et al. (2009),162
Wu et al. (2018), Wu et al. (2019) and others, belongs to a family of thin aerofoils with163
small relative thickness and mild camber typical of compressing machines. Indeed, it is also164
representative of many modern industrial applications i.e. turboengine compressor and fan165
blades, automotive engine cooling fan, and aerospace heat and ventilation air-conditioning166
systems. It employs specific characteristics to carefully control flow and aerodynamic losses167
around the aerofoil surface by controlling the growth of the boundary layer (i.e. its diffusion).168
The CD aerofoil has been extensively studied both experimentally and numerically, and169
represents a solid database for studies on both aerodynamics and aeroacoustics (Moreau170
2016). This aerofoil is characterized by a chord length 𝑐 = 0.1356 m, a 4% thickness to chord171
ratio and a camber angle of 12◦. The numerical case considered here has been developed in172
order to reproduce the experimental set-up performed in the anechoic open jet wind-tunnel173
of the Université de Sherbrooke (UdeS) (Padois et al. 2015; Jaiswal 2020), in which remote174
microphone probes are distributed over the pressure and suction sides of the CD aerofoil175
to measure wall-pressure fluctuations. The boundary layer developing over the suction side176
of the CD aerofoil first encounters a laminar separation bubble (LSB) at the leading edge177
(LE) that triggers the transition to turbulence. The TBL then encounters a FPG, followed by178
a ZPG around mid-chord, and finally, an APG growing fast till the TE due to the aerofoil179
camber. The same sensor locations on the CD aerofoil as in the experimental set-up have180
been considered for statistical analyses in the compressible NS-DNS (Wu et al. 2018). In181
particular, data from four sensors on the suction side of the aerofoil are studied here. Those182
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are representative of TBLs with ZPG or APG. Note that the short FPG region is not directly183
considered here, but its effect on the ZPG statistics is also assessed.184

The paper is organized as follows. Firstly, in Section 2, the details of the numerical set-up185
are recalled, together with a summary of the signal processing methods adopted. In Section 3,186
the TBL characteristics and velocity statistics are presented. A discussion of the higher order187
statistics results is given in Section 4, compared with wall-pressure measurements taken in188
the anechoic wind tunnel at UdeS and with previous published DNS data obtained in similar189
conditions. In particular, the dependence of the convection velocity ratios on wavenumbers,190
frequency and spatial separations is discussed in detail for the ZPG and APG parts of the191
aerofoil boundary layer. Finally, some conclusions are drawn for this highly non-equilibrium192
TBL with curvature effect.193

2. Numerical case194

This section will briefly recall the numerical set-up used to generate the database analyzed195
in the present study. It corresponds to a 3D compressible NS-DNS performed by Wu196
et al. (2019) of the airflow over the CD aerofoil embbeded in the potential core of197
the jet of the anechoic wind tunnel at UdeS as discussed in Padois et al. (2015). A198
computational six-block H-O-H structured mesh of 3341 × 279 × 194 grid points is used199
in the streamwise (𝑥), wall-normal (𝑦) and spanwise (𝑧) directions respectively. The total200
grid size is 345 × 106 nodes. The compressible Navier-Stokes equations are solved with201
the multi-block structured code HiPSTAR (High Performance Solver for Turbulence and202
Aeroacoustics Research) (Sandberg 2015). The spatial discretization involves both a five-203
point fourth-order central standard-difference scheme with Carpenter boundary stencils in204
the streamwise and crosswise directions (Carpenter et al. 1999), and a spectral method205
using the FFTW3 library in the spanwise direction. The time discretization is achieved206
by an ultra-low-storage five-step fourth-order Runge–Kutta scheme (Kennedy et al. 1999).207
Characteristic-based boundary conditions are also used to prevent spurious reflections at208
the computational domain boundaries (Sandberg & Sandham 2006; Jones et al. 2008). A209
complete analysis of the numerical set-up that allowed the analysis of both aerodynamics210
and acoustics is documented in Wu et al. (2019, 2020).211

The volume data around the aerofoil are recorded at a sampling frequency of 78 kHz for212
7 flow-through times, 𝑇 = 𝑐/𝑈∞, with free-stream velocity 𝑈∞ = 16 m s−1. A constant213
dimensionless time step of Δ𝑡 = 7.5 × 10−6 is used. The space-time database is extracted at214
different locations on the aerofoil assuming a spanwise extent of 12% chord; this length is215
determined to be sufficient to get fully decorrelated turbulence in the span (Wu et al. 2019;216
Moreau & Roger 2005; Wang et al. 2009). The locations of the experimental wall-pressure217
probes considered over the suction side of the CD aerofoil are along the streamwise direction218
as shown in figure 1. Sensors 7 and 9 are approximately located at mid chord and sensors 21219
and 24 near the TE.220

The mean pressure distribution over the surface of the CD aerofoil is analyzed in figure 2221
through the mean wall-pressure coefficient distribution,222

−𝐶𝑝 = − 𝑝 − 𝑝∞1
2 𝜌𝑈

2
∞
, (2.1)223

where 𝑝∞ and 𝜌 are the reference static pressure and air density taken at the inlet respectively.224
The mean wall-pressure coefficient calculated from the DNS is also compared with wall-225
pressure measurements by Jaiswal et al. (2020) and Jaiswal (2020), taken at several locations226
over the suction and pressure side of the CD aerofoil. As seen in figure 2, a small plateau227
between 𝑥/𝑐 = −1 and 𝑥/𝑐 = −0.9 indicates a small laminar recirculation bubble at the228
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Figure 1: Remote microphone probes locations on the CD aerofoil. Numbers show sensor
indices designated in Wu et al. (2019).
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Figure 2: Pressure coefficient distribution, 𝐶𝑝 , on the CD aerofoil: ——, DNS (Wu et al.
2019); •, experiment (Jaiswal et al. 2020; Jaiswal 2020).

aerofoil LE that triggers the transition to turbulence in the bubble shear layer and consequently229
an attached turbulent flow. After the reattachment point, the pressure gradient increases along230
the CD aerofoil. The flow is first sujected to a FPG, then to a ZPG around mid-chord and231
finally to an APG downstream due to the aerofoil camber. On the pressure side, the flow232
is laminar and attached until the TE where it transitions to turbulence with a small vortex233
shedding appearing in the near wake, mixing with the turbulent flow on the suction side (Wu234
et al. 2018; Moreau et al. 2011; Neal 2010). By comparison with the set of experimental235
data produced at UdeS (Jaiswal et al. 2020; Jaiswal 2020), the DNS distribution gives a good236
prediction of the pressure coefficient on the aerofoil, except for a slightly higher pressure237
plateau within the thin laminar separation bubble at the LE (Wu et al. 2020), see figure 2.238

As shown in figure 1, the four points of the aerofoil suction side analyzed correspond to239
ZPG (sensors 7 at 𝑥/𝑐 = −0.60 and 9 at 𝑥/𝑐 = −0.47) and APG (sensors 21 at 𝑥/𝑐 = −0.14240
and 24 at 𝑥/𝑐 = −0.08) locations. For each location a volume of data containing the pressure241
and velocity distributions is extracted.242
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2.1. Signal processing243

A summary of the signal processing adopted throughout the paper is presented here. The244
DNS volume data are appropriately scaled to obtain dimensional quantities. In particular, the245
numerical pressure data are rescaled by 𝜌𝑈2

∞. The wall-pressure statistics are then computed246
for the four locations corresponding to sensors 7, 9, 21 and 24.247

For all four sensor locations and even for those close to the TE in the strong APG region, the248
local pressure field has been found homogeneous in planes parallel to the wall and stationary249
in time, both numerically (Grasso et al. 2019) and experimentally (Jaiswal et al. 2020;250
Jaiswal 2020). In practical applications, only single time histories of the stochastic variable251
are available, and thus the stationary process is normally assumed to be ergodic. Under252
such conditions, the space-time cross-correlation function of the wall-pressure fluctuations253
𝑝′ = 𝑝 − 𝑝 at two arbitrary space-time points is defined as254

𝑅𝑝𝑝 (𝝃; 𝜏) = lim
𝑇→∞

1
𝑇

∫ 𝑇

0
𝑝′ (𝒙, 𝑡)𝑝′ (𝒙 + 𝝃, 𝑡 + 𝜏)d𝑡, (2.2)255

where 𝝃 is the spatial separation vector between two points located at 𝒙 and 𝒙 + 𝝃 with time256
delay 𝜏. In this way, the random sample in space and time is compressed into a much shorter257
function of 𝝃 and 𝜏. The cross-spectral density (CSD) is then calculated with a simple fast258
Fourier transformation using a Welch periodogram technique and Hanning windowing with259
zero padding (Salze et al. 2014),260

Ψ𝑝𝑝 (𝝃;𝜔) = 1
2𝜋

∫ ∞

−∞
𝑅𝑝𝑝 (𝝃, 𝜏) exp(−i𝜔𝜏)d𝜏. (2.3)261

The spectra are computed using a Welch periodogram method with 16 windows, each262
containing 512 points, and with 50% overlap. The high frequency numerical noise is filtered263
out using a Butterworth filter. By doing a two-dimensional (2D) spatial Fourier transform264
of Ψ𝑝𝑝 (𝝃;𝜔) with the cross-correlation spectra for each time block averaged together, the265
CSD function in the wavenumber-frequency domain is then computed by discretizing the266
following Fourier integral267

Ψ𝑝𝑝 (𝒌;𝜔) = 1
(2𝜋)2

∫ ∫ ∞

−∞
Ψ𝑝𝑝 (𝝃;𝜔) exp(−i𝒌𝝃)d𝝃, (2.4)268

where 𝒌 = (𝑘𝑥 , 𝑘𝑧) is the two-dimensional wavevector (Bull 1996), with 𝑘𝑥 and 𝑘𝑧 the269
streamwise and spanwise wavenumbers respectively. The PSD or single-point wall-pressure270
spectrum (i.e. auto-spectrum), 𝜙𝑝𝑝, at a given angular frequency 𝜔, is related to the space-271
time correlation function and the wavenumber-frequency spectrum by:272

𝜙𝑝𝑝 (𝜔) =
1

2𝜋

∫ ∞

−∞
𝑅𝑝𝑝 (0; 𝜏) exp(−i𝜔𝜏)d𝜏,273

=

∫ ∫ ∞

−∞
Ψ𝑝𝑝 (𝒌;𝜔)d𝒌 . (2.5)274

The resolved normalized frequency range is 0 ⩽ 𝜔𝛿∗/𝑈∞ ⩽ 5.53 (where 𝛿∗ is the boundary275
layer displacement thickness) with a frequency resolution of Δ𝜔 = 1.4 × 10−3𝑈∞/𝛿∗ and a276
wavenumber resolution of Δ𝑘𝑥 = 0.12/𝛿∗ in the streamwise direction, and Δ𝑘𝑧 = 0.14/𝛿∗ in277
the spanwise direction.278
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Case 𝑥/𝑐 Re𝜃 Re𝜏 𝛽𝑐 𝐾 𝐻 = 𝛿∗/𝜃
×106

Sensor 7, ZPG -0.60 319 178 0.005 -0.09 1.61
Sensor 9, ZPG -0.47 390 185 0.28 -0.97 1.61
Sensor 21, APG -0.14 877 210 4.82 -3.85 1.86
Sensor 24, APG -0.08 1036 203 8.31 -2.66 2.00
Choi & Moin (1990), ZPG - 287 180 - - 1.62
Cohen & Gloerfelt (2018), ZPG - 1693 608 0 0 1.46
Cohen & Gloerfelt (2018), APGw - 2462 692 0.44 -0.16 1.53
Cohen & Gloerfelt (2018), APGs - 3125 688 1.41 -0.3 1.63
Na & Moin (1998), ZPG 0.50/c 586 329 -0.35 0.93 1.41
Na & Moin (1998), APG 0.85/c 1229 424 1.78 -1.4 1.54
Spalart (1988), ZPG - 300 150 - - 1.66
Tanarro et al. (2020), APG (NACA4412) 0.75 1666 366 3.59 - 1.74
Hu (2021), ZPG - 4889 1439 0.1 - 1.41
Hu (2021), APG - 8670 1388 6.0 - 1.75
Schloemer (1967), ZPG - 4500 1603 - - 1.34
Schloemer (1967), APG - 7380 1710 3.34 - 1.58

Table 1: Properties of the TBL for the current DNS data and for several existing studies in
the literature.

3. Boundary layer development279

The TBL characteristics calculated from the DNS data on the aerofoil suction side of figure280
1 are shown and discussed here. These distributions are compared with results of several281
available numerical and experimental datasets (Schloemer 1967; Brooks & Hodgson 1981;282
Spalart 1988; Watmuff 1989; Na & Moin 1998; Schlatter et al. 2009a,b; Vinuesa et al. 2017;283
Cohen & Gloerfelt 2018; Tanarro et al. 2020; Hu 2021).284

In table 1, the properties of the TBL for the current DNS at the four sensors locations are285
summarized. The flow properties for DNS cases of Choi & Moin (1990), Spalart (1988),286
Tanarro et al. (2020), and Na & Moin (1998) (including both ZPG TBL, 𝑥 = 0.50, attached287
APG TBL, 𝑥 = 0.85, and separated APG TBL at 𝑥/𝛿∗

𝑖𝑛
= 120) are also reported in table 1.288

Additionally, the ZPG, APGs and APGw cases of Cohen & Gloerfelt (2018) are also included289
in table 1. These data are also considered later for comparison of PSD and the convection290
velocities.291

Here, Re𝜏 = 𝑢𝜏𝛿/𝜈 ≡ 𝛿+ is the friction Reynolds number or Kármán number, with292

𝑢𝜏 =
√︁
𝜏𝑤/𝜌 the friction velocity, 𝜏𝑤 = 𝜇 𝜕𝑈

𝜕𝑦
|𝑦=0 the wall shear stress (𝑈 is the streamwise293

mean velocity component and 𝑦 is the wall-normal distance from the wall) and 𝛿 the boundary294
layer thickness. The latter is calculated based on the conservation of the stagnation pressure295
𝑝𝑡 = 𝜌𝑢

2
𝑡 /2+ 𝑝∞ outside the boundary layer for the present low speed flow; 𝑢2

𝑡 is the velocity296
magnitude squared. The edge of the boundary layer is considered reached when 𝑝𝑡 is 95%297
of its maximum value in the wall-normal direction (Sanjosé & Moreau 2018; Griffin et al.298
2021). This criterion was also used in the boundary-layer data extraction by Christophe et al.299
(2015); the criterion is necessary as the edge velocity is not constant around the aerofoil in the300
jet potential core. 𝛽𝑐 = 𝛿∗/𝜏𝑤 (d𝑝/d𝑠) is the Clauser parameter, with d𝑝/d𝑠 the streamwise301
mean pressure gradient on the wall. 𝐾 = 𝜈/𝑈2

𝑒 (d𝑈𝑒/d𝑠) is the acceleration parameter.302
𝐻 = 𝛿∗/𝜃 is the shape factor. 𝛽𝑐 and 𝐾 both vary strongly along the curvilinear abscissa303
𝑠, which confirms a strongly non-equilibrium turbulent boundary layer on the CD aerofoil304
suction side according to the above criterion (iii). To quantify this non-equilibrium state, in305
figure 3, the evolution of 𝛽𝑐 as a function of the defect shape factor 𝐺 ≡ [(𝐻 − 1)/𝐻]𝑢𝜏/𝑈𝑒306
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Figure 3: Clauser pressure-gradient parameter 𝛽𝑐 as function of (a) defect shape factor 𝐺
and (b) friction Reynolds number Re𝜏 . − · −, present CD aerofoil DNS; −, (light blue)

theoretical equilibrium data (Mellor & Gibson 1966); −, flat plate DNS for constant and
non-constant 𝛽𝑐-cases (Bobke et al. 2017): (green) 𝑚 = −0.13 with 𝛽𝑐 = [0.86; 1.49],
(blue) 𝑚 = −0.16 with 𝛽𝑐 = [1.55; 2.55], (purple) 𝑚 = −0.18 with 𝛽𝑐 = [2.15; 4.07],

(orange) 𝛽𝑐 = 1 and (olive) 𝛽𝑐 = 2; − (red) NACA4412 and (black) NACA0012 aerofoil
DNS (Tanarro et al. 2020).

0 0.5 1
y/δ

0

0.5
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Figure 4: Dimensionless velocity profiles: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and
𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08

(thick black line).

or the friction Reynolds number Re𝜏 is shown for the current case and compared with the307
theoretical equilibrium turbulent boundary-layer data of Mellor & Gibson (1966), the quasi-308
equilibrium cases corresponding to constant and varying 𝛽𝑐 simulated by Bobke et al. (2017)309
(𝑚 in caption is the power-law exponent of varying streamwise velocity at the top boundary310
to yield near-equilibrium APG flow conditions, based on definition by Townsend (1961)),311
and the non-equilibrium flow data from NACA0012 and NACA4412 aerofoils (Tanarro et al.312
2020). The present simulation is noticeably further away from the theoretical equilibrium313
𝐺-factor and presents a faster growth of 𝛽𝑐, yielding a turbulent boundary layer on the verge314
of separation for Kármán numbers typical of highly loaded low-speed fans.315

The normalized velocity profiles for the current DNS case are presented in figure 4. The316
profiles obtained at mid-chord locations are similar. Near the TE, a thicker boundary layer317
with a lower wall shear stress 𝜏𝑤 is observed, due to APG.318

In figure 5, the skin-friction coefficient, 𝐶 𝑓 = 𝜏𝑤/(0.5𝜌𝑈2
𝑒), and the shape factor, 𝐻, are319

plotted against Reynolds number based on momentum thickness. The skin-friction coefficient320
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Figure 5: (a) Skin friction coefficient, 𝐶 𝑓 , (b) corrected with (1 + 𝛽𝑐/10), and (c) shape
factor, 𝐻, versus momentum thickness based Reynolds number: − · −, DNS data on the

surface of the CD aerofoil, − · − (blue) 𝐶 𝑓 (1 + 0.12𝛽𝑐), − · − (red) 𝐶 𝑓 (1 + 0.15𝛽𝑐), APG
locations ▽, 𝑥/𝑐 = −0.14 and +++, 𝑥/𝑐 = −0.08; · · ·, empirical correlation by Smits et al.

(1983) for 𝐶 𝑓 and correlation form by Monkewitz et al. (2007) for 𝐻; ◦, NACA4412 data
by Vinuesa et al. (2017); ■, NACA4412 data by Tanarro et al. (2020); +, data by Spalart

(1988); and •, data by Schlatter et al. (2009a,b); ▲, FPG (blue), ZPG (black), APGs (red),
APGw (magenta) data by Cohen & Gloerfelt (2018); · · · (red) attached TBL distribution
by Na & Moin (1998); and, △, data (𝑥 = 0.5 m to 𝑥 = 0.85 m) for attached TBL (black)

and separated TBL (red) (𝑥/𝛿∗
𝑖𝑛

= 120) by Na & Moin (1998).

decreases with higher Re𝜃 as the boundary layer develops. Also shown are the empirical321

correlation based on the 1/7-power law of the form 𝐶 𝑓 = 0.024Re1/4
𝜃

by Smits et al. (1983),322
aerofoil data by Vinuesa et al. (2017) and Tanarro et al. (2020), and additional reference data323
(Spalart 1988; Schlatter et al. 2009a,b; Cohen & Gloerfelt 2018; Na & Moin 1998). In the324
ZPG zone around Re𝜃 = 320, the skin-friction coefficient and the shape factor matches well325
with the correlation values (Monkewitz et al. 2007; Schlatter & Örlü 2010). At higher Re𝜃 ,326
the trend of 𝐶 𝑓 and 𝐻 with Re𝜃 starts to differ: 𝐶 𝑓 decreases and 𝐻 increases much faster327
in comparison to ZPG correlations. This is caused by the strong APG effects of this highly328
non-equilibrium flow as the TE is approached. Such a variation is qualitatively inline with329
previous notable studies on aerofoils (Vinuesa et al. 2017; Tanarro et al. 2020), but with a330
stronger APG on the verge of separation, typical of highly loaded low-speed fans. The 𝐶 𝑓331
corrected with (1 + 𝛽𝑐/10) as proposed by Volino (2020) is plotted in figure 5 (b). This332
correction with the Clauser pressure gradient parameter improves the 𝐶 𝑓 correlation, and333
collapses all aerofoil data. However, a scatter (though reduced) is still present considering334
both airfoil and ZPG data, as shown by the current DNS results with modified Volino (2020)335

Rapids articles must not exceed this page length
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Figure 6: Normalized boundary layer parameters distribution on the surface of the CD
aerofoil. (a-b) Boundary layer thickness based on 95% of total pressure; (c) boundary

layer displacement thickness and (d) boundary layer momentum thickness; · · ·, laminar
flat plate and, − · −, turbulent flat plate (Schlichting & Gersten 2017).

corrections with different 𝛽𝑐 multipliers of 0.12 and 0.15. Therefore, the constant of 0.1 used336
by Volino (2020) is not universal and depends on the mean pressure gradient.337

Figure 6 shows the streamwise variations of 𝛿, 𝛿∗ and 𝜃 normalized by 𝑐, compared338
to laminar and turbulent flat plate ZPG boundary layer solutions, obtained assuming fully339
laminar or fully turbulent boundary layer from the LE. In figure 6 (a), a hump of 𝛿/𝑐 near340
the LE is seen as the laminar separation bubble develops; after the hump, the boundary341
layer thickness over the CD aerofoil increases after the transition to turbulence, noticeably342
so around 𝑥/𝑐 = −0.6 in the ZPG region, where 𝛿/𝑐 matches the ZPG turbulent flat plate343
boundary layer solution. The red dotted box in figure 6 (a) represents the aerofoil region344
considered in figures 6 (b-d), which starts around mid-chord at sensor 7 (𝑥/𝑐 = −0.6).345

The boundary layer displacement thickness (figure 6 (c)) and the boundary layer momen-346
tum thickness (figure 6 (d)) are obtained by integration of the corresponding velocity profile347
across the boundary layer,348

𝛿∗(𝑥) =
∫ 𝛿

𝑦=0

(
1 − 𝑈

𝑈𝑒

)
d𝑦, 𝜃 (𝑥) =

∫ 𝛿

𝑦=0

𝑈

𝑈𝑒

(
1 − 𝑈

𝑈𝑒

)
d𝑦. (3.1)349

The increasing growth rate of the boundary layer as shown by all three thicknesses is due350
to the APG experienced by the boundary layer as it develops in the aft portion of the CD351
aerofoil. The departure from ZPG turbulent solutions is consistent with the fact that the TBL352
is subjected to strongly non-equilibrium APG.353

In figure 7, the variations of 𝛿∗/𝛿∗
𝑖𝑛

and 𝜃/𝜃𝑖𝑛 in the APG region are plotted versus the354
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Figure 7: (a) Normalized boundary layer parameters distribution versus momentum
thickness based Reynolds number. (a) Boundary layer displacement thickness and (b)

boundary layer momentum thickness: −, DNS data on the surface of the CD aerofoil; ▲,
FPG (blue), ZPG (black), APGs (red), APGw (magenta) data by Cohen & Gloerfelt

(2018); · · · (red) attached TBL distribution by Na & Moin (1998); and, △, data (𝑥 = 0.5 m
to 𝑥 = 0.85 m) for attached TBL (black) and separated TBL (red) (𝑥/𝛿∗

𝑖𝑛
= 120) by Na &

Moin (1998); − · −, turbulent flat plate (Schlichting & Gersten 2017).
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Figure 8: Streamwise velocity profiles as a function of the wall-normal distance scaled on
inner variables: (a) ZPG and (b) APG profiles. Present DNS: ZPG locations 𝑥/𝑐 = −0.60
(thin gray line) and 𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black
line), 𝑥/𝑐 = −0.08 (thick black line). +, ZPG data by Spalart (1988) with Re𝜃 = 300; −−,
ZPG data 𝑥 = 0.5 m (black) and APG data 𝑥 = 0.85 m (red) data by Watmuff (1989); ◦,
ZPG data 𝑥 = 0.5, □, APG data 𝑥 = 0.85 for attached TBL (black) and separated TBL

𝑥/𝛿∗
𝑖𝑛

= 130 (gray) by Na & Moin (1998); △, ZPG (black), APGs (red), APGw (magenta)
data by Cohen & Gloerfelt (2018); · · ·, dimensionless linear law𝑈+ = 𝑦+ and − · −,

logarithmic law𝑈+ = 1
𝜅 ln(𝑦+) + 𝐵.

momentum thickness based Reynolds number, together with the turbulent flat plate solution355
(black dotted-dashed line). Such a normalization is consistent with that of Na & Moin (1998)356
and Cohen & Gloerfelt (2018) (also shown in figure 7); the subscript ‘𝑖𝑛’ indicates quantities357
at an upstream ZPG location. For the present DNS, the ‘𝑖𝑛’ location is taken at the location358
𝑥/𝑐 = −0.6 (i.e. sensor 7). The present boundary-layer growth on the CD aerofoil is much359
faster than in the equilibrium cases of Na & Moin (1998) and Cohen & Gloerfelt (2018),360
and only the separated TBL case in Na & Moin (1998) displays similar rapid increase of361
boundary layer thicknesses, stressing again the strong non-equilibrium state near the trailing362
edge close to flow separation.363

Streamwise mean velocity profiles scaled on inner variables𝑈+ = 𝑈/𝑢𝜏 are plotted versus364
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the normalized wall-normal distance 𝑦+ = 𝑦𝑢𝜏/𝜈 in figure 8. The present DNS results are365
compared with the DNS data by Spalart (1988) at Re𝜃 = 300, Na & Moin (1998) for 𝑥 = 0.5 m366
and 𝑥 = 0.85 m, Cohen & Gloerfelt (2018), as well as the experimental data of Watmuff367
(1989) for 𝑥 = 0.5 and 𝑥 = 0.85. Figure 8 (a) compares the ZPG data, whereas figure 8 (b)368
considers the APG one. The von Kármán constant 𝜅 (von Kármán 1931) and the constant 𝐵369
are prescribed as in Wu et al. (2019): 𝜅 = 0.41 and 𝐵 = 4.5 for the ZPG cases, and 𝜅 = 0.30370
and 𝐵 = −1.38 for the APG cases. Wu et al. (2019) showed that an attached APG flow is371
characterized by lower 𝜅 values than in a ZPG flow, as well as a negative intercept (𝐵) value,372
consistently with what Nickels (2004), Nagib & Chauhan (2008), Monty et al. (2011) found373
for instance. The present ZPG profiles compare well with the ZPG data of Spalart (1988),374
Na & Moin (1998) and Watmuff (1989). Moving towards the TE, a stronger wake region is375
seen due to APG effect, as also observed in previous studies (Kitsios et al. 2016; Monty et al.376
2011; Vila et al. 2017; Bobke et al. 2017; Volino 2020).377

In figure 9, wall-normal profiles of root-mean-square (r.m.s.) streamwise and crosswise378
velocities, 𝑢𝑟 .𝑚.𝑠. and 𝑣𝑟 .𝑚.𝑠., scaled with inner variables, with 𝑈𝑒, and with the Zaragola-379
Smits scaling 𝑈𝑍𝑆 = 𝑈𝑒𝛿

∗/𝛿 are shown for the four sensor locations, compared with the380
ZPG data of Spalart (1988) and both the ZPG and APG data of Na & Moin (1998) and381
Cohen & Gloerfelt (2018). Figures 9 (a,b) show profiles of 𝑢𝑟 .𝑚.𝑠. and 𝑣𝑟 .𝑚.𝑠. normalized382
by 𝑢𝜏 . A slightly higher peak for 𝑢+𝑟 .𝑚.𝑠. in sensors 7 and 9 in comparison to Spalart (1988)383
can be attributed to the FPG region prior to those streamwise locations. The higher 𝑢+𝑟 .𝑚.𝑠.384
and 𝑣+𝑟 .𝑚.𝑠. in APG region than in ZPG region is mainly because of the decrease of wall385
friction (figure 5). The smaller wall friction in the present DNS than in the reference studies386
(associated with stronger APG herein) also explains the larger 𝑢+𝑟 .𝑚.𝑠. and 𝑣+𝑟 .𝑚.𝑠. peaks387
in the present study. The inner peak elevations remain almost unchanged. Yet, a second388
peak forms in the outer layer in the 𝑢𝑟 .𝑚.𝑠. profile. The differences between the outer-peak389
locations (in wall units) in the present case and in the studies of Na & Moin (1998) and390
Cohen & Gloerfelt (2018) are most likely attributed to a combination of differences in APG,391
Reynolds number, and wall curvature. An effect of Reynolds number on the outer-layer peak392
location was discussed by Lee & Sung (2008) for instance. In figures 9 (c,d), the outer-layer393
velocity fluctuations normalized by 𝑈𝑒 display large deviation from each other, and only394
collapse at the boundary-layer edge. However, when the APG cases are normalized by 𝑈𝑍𝑆395
(figures 9 (e,f)), the outer-layer velocity fluctuations are almost collapsed. This suggests that396
the Zaragola-Smits scaling applies to the outer portion of the boundary layer even under397
strong APG as in the present flow. This is consistent with the self-similarity in the outer398
region of APG TBL found by Maciel et al. (2006), Cohen & Gloerfelt (2018), and also399
verified by Rozenberg et al. (2012) to develop their semi-empirical model of wall-pressure400
fluctuations.401

The wall-normal profiles of Reynolds shear stress in inner scaling at the four streamwise402
locations are plotted in figure 10. In the ZPG region, the profiles compare well with that403
of Spalart (1988); the same is observed for the 𝑢′ and 𝑣′ intensities (figure 9 (a,b)). The404
peaks of the Reynolds shear stress shift away from the wall in the APG region, moving into405
the logarithmic layer and even toward the edge of the outer region. This indicates enhanced406
turbulent mixing at locations farther away from the wall (Wu et al. 2019; Monty et al. 2011;407
Vila et al. 2017). As discussed by Lee & Sung (2008), who analyzed the effect of APG with408
similar Re𝜃 , the plateau seen so far for the strongest APG for 𝑦+ between 10 and 50 may be409
due to the hairpin-type vortices developing away from the wall next to the TE region, also410
seen in the present DNS in figure 11, which shows the swirling strength criterion (Λ𝑐𝑖) in the411
mid-chord (ZPG) region and near the trailing edge (APG region). A forest of large hairpin412
structures are shown to be lifted by the strong APG (see white dotted lines). Therefore, the413
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Figure 9: Comparison of r.m.s. velocities 𝑢𝑟 .𝑚.𝑠. and 𝑣𝑟 .𝑚.𝑠., in the wall-normal
direction: (a-b) 𝑢𝜏 scaling; (c-d)𝑈𝑒 scaling; (e-f )𝑈𝑍𝑆 = 𝑈𝑒𝛿

∗/𝛿 scaling. ZPG locations
𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray line); APG locations

𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line). +, ZPG data by Spalart
(1988) with Re𝜃 = 300; ◦, ZPG data 𝑥 = 0.5 m, □, APG data 𝑥 = 0.85 m, for attached

TBL (black) by Na & Moin (1998); △, ZPG (black), APGs (red), APGw (magenta) data
by Cohen & Gloerfelt (2018).

APG, characterized by a different momentum distribution mechanisms across the boundary414
layer, considerably affects the turbulent flow statistics (figure 10).415

The results above show that boundary layer characteristics and single point velocity416
statistics at the four sensor locations are consistent with existing results in the literature.417
The agreements are quantitative at the ZPG locations. Overall, the peak location of the418
turbulent statistics and the wall-normal profiles are comparing very well with Spalart (1988)419
(see gray lines up to 𝑦+ ≈ 60 in figures 9 and 10). The agreement is qualitative at the APG420
locations because of the different Reynolds numbers, pressure gradients and wall curvature.421
Interestingly, the self-similarity in the outer region of the boundary layer provided by the422
Zaragola-Smits scaling is verified in the present strong non-equilibrium TBL, suggesting that423
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Figure 10: Reynolds stress component normalized with inner scale along wall-normal
direction: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray line);
APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line). +, ZPG data

by Spalart (1988) with Re𝜃 = 300.

(a) (b)

Figure 11: Swirling strength criterion (Zhou et al. 1999; Wu et al. 2017) isocontours
coloured by streamwise velocity component by Wu et al. (2019): (a) ZPG portion

(mid-chord) and (b) APG (or TE) portion.

the Zaragola-Smits velocity might be a relevant velocity scale for all attached TBL. The above424
discussion on variation of boundary layer parameters will serve as a guide on normalizing425
wall pressure statistics. For instance, turbulence statistics—when made dimensionless by426
Zaragola-Smits scaling—gives a collapse in outer region, and thus may serve as an optimal427
velocity scale to collapse low frequency wall-pressure spectra. The development of boundary428
layer thicknesses discussed in figure 6 can also guide in choosing the correct normalizing429
length scale for wall pressure spectra in highly nonequilibrium cases. Moreover, the high430
sensitivity of 𝐶 𝑓 to APG, more aptly wall shear, suggests that it may not be an optimal431
parameter to non-dimensionalize pressure fluctuations, even though most semi-empirical432
models for wall-pressure spectra use it as a pressure scale. This will be shown in detail in the433
next section.434

4. Wall-pressure statistics435

Statistics of the wall-pressure field on the surface of the CD aerofoil particularly relevant436
to trailing-edge noise modelling are presented here. PSD, two-point correlation, coherence437
functions, wavenumber-frequency spectra and convection velocity are discussed at the four438
locations corresponding to sensors 7, 9, 21 and 24. They are compared with available data439
(Choi & Moin 1990; Na & Moin 1998; Spalart 1988; Abe et al. 2005; Cohen & Gloerfelt440
2018; Burton 1973; Simpson et al. 1987; Skote et al. 1998; Schewe 1983).441
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Figure 12: Spanwise-averaged wall-pressure spectra at four locations on the aerofoil
suction side: ——, DNS-NS; − · −, Goody’s model and, —— (gray), UdeS measurements.

(a) 𝑥/𝑐 = −0.60, (b) 𝑥/𝑐 = −0.47, (c) 𝑥/𝑐 = −0.14 and (d) 𝑥/𝑐 = −0.08.

4.1. Power Spectral Density distribution442

The PSD of the wall-pressure fluctuations at a given frequency, 𝜙𝑝𝑝 ( 𝑓 ), is calculated from the443
wall-pressure CSD, as defined in section 2.1. The spanwise-averaged wall-pressure spectra444
in decibels with respect to the reference pressure 2 × 105 Pa for a spectral resolution of445
1 Hz (dB/Hz in short) are shown in figure 12 for the four locations on the aerofoil suction446
side indicated in figure 1. The PSD calculated from DNS are compared to the available447
experimental data from UdeS measurements (Jaiswal et al. 2020; Jaiswal 2020). Note that the448
experimental results for sensor 7 are missing because of a microphone failure. In figures 12 (a,449
b), for the ZPG regions 7 and 9, the semi-empirical spectrum defined by Goody (2004) is450
also represented. Such a model compares well with experimental data over a large range of451
Reynolds numbers (Hwang et al. 2009), and is able to describe the essential properties of the452
single-point wall-pressure spectrum for ZPG boundary layers based on a limited numbers453
of variables. Note that at low frequencies, the same −0.4 slope is recovered as observed454
in the APG DNS of Na & Moin (1998). For sensor 24 (figure 12 (d)) the DNS spectrum455
shows a small hump around 10 kHz. This hump in the higher frequency range is also seen456
in the experimental data (gray line) and corresponds to an extra acoustic source in the wake457
(Wu et al. 2020). Going towards the trailing edge, there is an increase in spectral levels of458
approximately 10 dB/Hz at the low frequencies, and a faster roll-off decrease towards high459
frequency. This is an APG effect, also observed in previous studies (Na & Moin 1998; Cohen460
& Gloerfelt 2018). In the low-frequency range a plateau below 500 Hz is seen for sensors461
21 and 24, while sensors 7 and 9 show the characteristic ZPG quadratic rise with frequency462
following Goody’s empirical model. Overall, the DNS and experimental results are in good463
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Figure 13: Dimensionless spanwise-averaged wall-pressure spectra at four locations on the
aerofoil suction side: (a) Inner variables scaling, (b) mixed inner-outer variables scaling

and (c-d) outer variables scaling. ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and
𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08
(thick black line); •, data by Choi & Moin (1990); ◦, ZPG data 𝑥 = 0.5 m, and □, APG
data 𝑥 = 0.85 m for attached TBL by Na & Moin (1998); △, ZPG (black), APGs (red),

APGw (magenta) data by Cohen & Gloerfelt (2018).

agreement. The difference of PSDs between numerical and experimental results in the low-464
frequency range, approximately under 500 Hz, is most likely related to installation effects,465
either attributed to jet noise (Moreau et al. 2003) or to the unsteady interaction between the466
jet shear layer and the aerofoil, as well as the low background turbulence intensity (less than467
0.4 %) seen in the experiments (Padois et al. 2015) and not included in this DNS (Wu et al.468
2020).469

In order to deduce the main contributors to the wall-pressure fluctuations in different470
frequency bands, the PSD and the frequency are then normalized based on several inner,471
outer and mixed scalings in figure 13. Different normalizations have been proposed over the472
years (Bull 1996; Keith et al. 1992; Farabee & Casarella 1991; Choi & Moin 1990; Cipolla473
& Keith 2000; Schloemer 1967; Na & Moin 1998). There is not a single universal scaling474
that leads to an acceptable collapse of data in the entire frequency range due to the multiscale475
nature of turbulence. However, as observed by Bull (1996) for ZPG flows, the wall-pressure476
fluctuations at low frequencies originate predominately from the outer layer, while those477
at high frequencies—where the spectrum varies as 𝜔−5 (Gravante et al. 1998; Na & Moin478
1998; Moreau & Roger 2005)—originate mostly from the buffer layer. Consequently, the479
wall-pressure PSD scales on outer variables at lower frequencies and inner variables at high480
frequencies. In the mid-frequency range, a scale-independent overlap region exists, where the481
PSD is proportional to 𝜔−1 (Bradshaw 1967; Gravante et al. 1998). This range is associated482
with motions in the logarithmic region.483
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The best inner variable scaling for the high-frequency range has been found by plotting484
𝜙𝑝𝑝 (𝜔)𝑢2

𝜏/𝜏2
𝑤𝜈 versus 𝜔𝜈/𝑢2

𝜏 and is used in figure 13 (a). For the mid-frequency range, a485
satisfactory data collapse is usually obtained by scaling 𝜙𝑝𝑝 (𝜔) using the mixed inner-outer486
variables, 𝑈𝑒, 𝛿∗ and 𝜏𝑤 , with dimensionless frequency 𝜔𝛿∗/𝑈𝑒 (Keith et al. 1992; Choi &487
Moin 1990; Na & Moin 1998). This is shown in figure 13 (b). Finally, in figures 13 (c,d),488
common outer variable scalings for the low-frequency range are used: 𝜙𝑝𝑝 (𝜔)𝑈𝑒/𝑝2

𝑟𝑚𝑠𝛿
∗489

and 𝜙𝑝𝑝 (𝜔)𝑈𝑒/𝑞2
𝑒𝛿

∗, both versus 𝜔𝛿∗/𝑈𝑒 (Choi & Moin 1990; Na & Moin 1998). Here, 𝑞𝑒490
is the dynamic pressure at the edge of the boundary layer.491

First, the focus is given to the ZPG data sets. Normalization with inner variables (figure 13492
(a)) collapses the spectra at high frequencies as expected, consistently with the findings of493
Na & Moin (1998) and Choi & Moin (1990). Moreover, the present spectra at sensors 7 and494
9 collapse well in the whole spectral range with that of Choi & Moin (1990), as the flow495
is characterized by a similar range of Re𝜃 (see table 1). In figure 13 (b), the scaling with496
𝑈𝑒/𝜏2

𝑤𝛿
∗ gives an overall collapse at low to mid frequencies, which was also observed by Na497

& Moin (1998), Choi & Moin (1990) and Cohen & Gloerfelt (2018). In addition, the effect498
of Reynolds numbers on the PSD is shown. As observed by Goody (2004), the main effect499
of Reynolds number on the wall-pressure spectrum is to widen its overlap range and shift the500
roll-off towards higher frequencies. This is indeed shown in figure 13 (c,d), comparing data501
from Cohen & Gloerfelt (2018) with those from Choi & Moin (1990) and those from sensor502
7 to those from sensor 24 at a higher Reynolds number, for example. This is caused by the503
widening of the spectrum of turbulent motions and a larger logarithmic region associated504
with a higher-Reynolds-number boundary layer. Furthermore, a region of the spectra with a505
−5 slope in the high-frequency range, linked to the turbulent motions inside the buffer zone,506
is also shown in figure 13 (c).507

As the pressure gradient changes from zero to adverse (from sensor 9 to sensor 24), an508
overall increase in spectral levels normalized by the inner velocity scale is seen in figure 13,509
suggesting an augmentation of wall-pressure r.m.s. due to the APG, relative to 𝑢𝜏 . In the510
presence of an APG the inner variables normalization does not collapse the spectra at high511
frequencies, consistently with the observations of Na & Moin (1998) and Cohen & Gloerfelt512
(2018). This is because of the decrease in wall shear stress under APG. When the spectra513
are normalized by wall-pressure r.m.s. and 𝛿∗ (figure 13 (c)), a collapse in the low to mid514
frequency range is seen. This is expected since 𝑝2

𝑟𝑚𝑠 represents the integral of the spectrum.515
The scaling with local dynamic pressure (figure 13 (d)), on the other hand, does not give516
a good collapse in the low to mid frequency range, which is consistent with what Brooks517
& Hodgson (1981) observed on the NACA0012 aerofoil (figure 11 in Brooks & Hodgson518
(1981)). This is because the APG leads to augmentation of wall-pressure fluctuations at519
low frequencies, while it is associated with free-stream deceleration, i.e. a reduction in the520
edge dynamic pressure. Na & Moin (1998) also observed similar comparison between ZPG521
and APG wall-pressure spectra for the normalizations analyzed herein. Given that all cases522
plotted here differ in Reynolds numbers, pressure gradients and wall curvature, the spectra523
do not overlap over the entire frequency range. In addition, both ZPG and APG data of524
Cohen & Gloerfelt (2018) display a faster roll-off at high frequencies, which is most likely a525
consequence of the spatial cut-off of the LES. These results also indicate that scalings used526
in popular semi-empirical models, especially using wall shear stress as the pressure scale,527
may be inappropriate for strong-APG flows.528

In figure 14, the pressure spectra are plotted again normalized using 𝛿 instead of 𝛿∗,529
which is equivalent to using the Zaragola-Smits scaling instead of 𝑈𝑒 in figure 13 (since530
𝜔 𝛿/𝑈𝑒 = 𝜔 𝛿

∗/𝑈𝑍𝑆 and𝑈𝑒/𝛿 = 𝑈𝑍𝑆/𝛿∗). ZPG and APG data of Cohen & Gloerfelt (2018)531
for which all parameters are available are also shown. As shown by figure 6(b,c) and also532



19

10−1 100 101 102 103

ωδ∗/UZS

10−6

10−4

10−2

100
φ
pp
(ω

)U
Z
S
/p

2 rm
s
δ∗

(a)

10−2 10−1 100 101 102 103

ωδ∗/UZS

10−11

10−9

10−7

10−5

φ
pp
(ω

)U
Z
S
/q

2 e
δ∗

(b)

10−1 100 101 102 103

ωδ∗/UZS

10−4

10−2

100

102

φ
pp
(ω

)U
Z
S
/τ

2 w
δ∗

(c)

Figure 14: Spanwise-averaged wall-pressure spectra at four locations on the aerofoil
suction side scaled with Zaragola-Smits scaling,𝑈𝑍𝑆 = 𝑈𝑒𝛿

∗/𝛿: ZPG locations
𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray line); APG locations

𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line); △, ZPG (black), APGs (red),
APGw (magenta) data by Cohen & Gloerfelt (2018). (a-b) Outer and (c) mixed

inner-outer variables scaling.

indicated by Keith et al. (1992) and Farabee & Casarella (1991), 𝛿 and 𝛿∗ are not equivalent533
length scales given that their ratio varies with Reynolds number. For the outer scaling, both534
figures 14 (a,b) show a significantly improved collapse compared with figures 13 (c,d).535
This indicates that 𝛿 is a better length scale in the low- to mid-frequency range than 𝛿∗,536
or equivalently that 𝑈𝑍𝑆 is a better velocity scale than 𝑈𝑒. Similarly, for the mixed inner-537
outer variable scaling, figure 14 (c) shows a slightly better merge of the normalized spectra538
at mid-to-high frequencies for both ZPG and APG regions than in figure 13 (b). Finally,539
the best overall collapse of normalized spectra in the whole frequency range is found in540
figure 14 (a), which stresses that 𝑝𝑟𝑚𝑠 is a better pressure scale than 𝑞𝑒 for the present highly541
non-equilibrium TBL. Hence, in development of wall pressure spectra models, more focus542
is needed on modelling pressure gradient effects on 𝑝𝑟𝑚𝑠 or on variables that scale with it.543

In figure 15 (a), the wall-pressure r.m.s. normalized by 𝜌𝑈2
𝑖𝑛

(where 𝑈𝑖𝑛 is taken equal to544
the edge velocity at sensor 7) as a function of wall-normal distance is compared with that545
of Na & Moin (1998), for both attached and separated TBLs. Three different TBL cases by546
Na & Moin (1998) are also considered, characterized respectively by ZPG at 𝑥/𝛿∗

𝑖𝑛
= 80,547

a weak APG at 𝑥/𝛿∗
𝑖𝑛

= 120, and a stronger APG just after the detachment at 𝑥/𝛿∗
𝑖𝑛

= 160548
therein. A local maximum of 𝑝𝑟𝑚𝑠 is seen and both its elevation and magnitude increase as549
the flow moves downstream (with strengthened APG) in accordance with the trend shown550
by Na & Moin (1998). Close to the trailing edge (sensors 21 and 24) the levels and the551
hump size are close to those near the onset of separation in the flow studied by Na & Moin552
(1998) (𝑥/𝛿∗

𝑖𝑛
= 160), highlighting the high load of the present case, consistently with the553
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Figure 15: Root-mean-square values of (a) pressure fluctuations r.m.s. along wall-normal
direction and (b) streamwise distribution of the wall-pressure r.m.s. normalized with local
Reynolds shear stress (· · ·) or dynamic pressure (− · −). ZPG locations 𝑥/𝑐 = −0.60 (thin
gray line) and 𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black line),
𝑥/𝑐 = −0.08 (thick black line). Na & Moin (1998) data: − · −, ZPG data at 𝑥 = 0.5 m, −−,
APG data at 𝑥 = 0.85 m for attached TBL (black); ——, 𝑥/𝛿∗

𝑖𝑛
= 80, −− 𝑥/𝛿∗

𝑖𝑛
= 120, · · ·,

𝑥/𝛿∗
𝑖𝑛

= 160 for separated TBL (red).

shape factor seen in figure 5 (c) and in table 1. The streamwise increase of the pressure554
fluctuations at the wall is also seen in figure 15 (b), which shows the streamwise distribution555
of the wall-pressure r.m.s. normalized by the local maximum magnitude of Reynolds shear556
stress or the local dynamic pressure. There is clearly less streamwise variation of the wall-557
pressure r.m.s. when normalized with local peak Reynolds shear stress, as also shown by Na558
& Moin (1998). Thus, the peak Reynolds shear stress magnitude could be a better scaling559
variable for wall-pressure fluctuations than𝑈2

𝑒 for all APG flows including the present strong560
non-equilibrium TBL case.561

In figures 16 (a,b) the root-mean-square values of the wall-pressure scaled with 𝜏𝑤 or the562
dynamic pressure versus the friction Reynolds number, Re𝜏 = 𝑢𝜏𝛿/𝜈, are shown at the four563
locations. In figure 16 (c), the CD aerofoil distribution of 𝑝+𝑟𝑚𝑠 is also plotted versus the564
momentum thickness based Reynolds number. ZPG data of Choi & Moin (1990), DNS data565
of Abe et al. (2005), and ZPG data of Spalart (1988), Cohen & Gloerfelt (2018), Skote et al.566
(1998) and Schewe (1983) are considered for comparison of ZPG data. The empirical law of567
𝑝+𝑟𝑚𝑠 versus Re𝜏 developed for ZPG flows by Farabee & Casarella (1991) is also plotted in568
figure 16 (a), in which (𝑝+𝑟𝑚𝑠)2 = 6.5 + 1.86 ln(Re𝜏/333) for Re𝜏 > 333 and (𝑝+𝑟𝑚𝑠)2 = 6.5569
for Re𝜏 ⩽ 333. For APG flows, data of Cohen & Gloerfelt (2018), Simpson et al. (1987) and570
Burton (1973) are compared here. The data show that 𝑝+𝑟𝑚𝑠 weakly increases with Re𝜏 in ZPG571
flows following the empirical law proposed by Farabee & Casarella (1991). For APG flows,572
a greater scatter is observed, particularly in figure 16 (a) (see APG locations 𝑥/𝑐 = −0.14573
and 𝑥/𝑐 = −0.08 in the present flow and strong-APG data of Burton (1973) and Simpson574
et al. (1987)). APG leads to higher 𝑝+𝑟𝑚𝑠 than in a ZPG flow at the same Reynolds number. In575
comparison, less scatter is observed in figure 16 (b), indicating a better correlation between576
the wall-pressure r.m.s. and the edge dynamic pressure than that with 𝜏𝑤 . Finally, the sharp577
increase in 𝑝𝑟𝑚𝑠 with 𝑥 seen in figure 16 for the present aerofoil further confirms the strong578
non-equilibrium state of the boundary layer at the trailing edge, subject to a sharp APG.579

In summary, the usual inner or inner-outer variable scalings are seen to work in the ZPG580
regions of the CD aerofoil (despite the possible history effects of the upstream FPG region),581
but not in the APG regions, with larger departures for higher 𝛽𝑐, as found in previous studies.582
The best scaling parameters are found to be the outer variables𝑈𝑒, 𝛿 and 𝑝𝑟𝑚𝑠 or equivalently583
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Figure 16: Root-mean-square values of the wall-pressure r.m.s.: (a) 𝜏𝑤 scaling and (b)
dynamic pressure scaling versus the friction Reynolds number; (c) 𝜏𝑤 scaling versus the

momentum thickness based Reynolds number. ZPG locations ◦, 𝑥/𝑐 = −0.60 and □,
𝑥/𝑐 = −0.47; APG locations ▽, 𝑥/𝑐 = −0.14 and +++, 𝑥/𝑐 = −0.08; •, Choi & Moin

(1990)’s data; Abe et al. (2005)’s data (★, Re𝜏 = 180; ^, Re𝜏 = 395; ^, Re𝜏 = 640); ◀,
Spalart (1988)’s data;⋆, ZPG (black), APGs (red), APGw (magenta) data by Cohen &

Gloerfelt (2018); ⊳, Simpson et al. (1987) APG’s data; ▲, Burton (1973) APG’s data; . . . ,
empirical law from Farabee & Casarella (1991); • (green), ZPG data by Skote et al.

(1998) Re𝜃 = 350 − 525; − · − CD aerofoil distribution; ◀ (blue) data by Schewe (1983).

𝑈𝑍𝑆 , 𝛿∗ and 𝑝𝑟𝑚𝑠. This indirectly stresses that the overall wall-pressure fluctuations are584
dominated by the large turbulent scales, the contribution of which increases with higher 𝛽𝑐.585
In turn, 𝑝𝑟𝑚𝑠 is seen to scale more with outer variables such as the dynamic pressure 𝑞𝑒 than586
with inner scales such as 𝜏𝑤 . As found previously by Na & Moin (1998) and Abe (2017) for587
instance, a quasi invariant is obtained when scaling 𝑝𝑟𝑚𝑠 with the local maximum Reynolds588
shear stress magnitude for the whole range of Reynolds number considered here in a strong589
non-equilibrium turbulent boundary layer typical of low-speed rotating machines. This has590
an important implication in choosing correct scalings in WPS models. For instance, most591
models use the wall shear stress as the pressure scale. However, our results show that 𝑝𝑟𝑚𝑠592
or the peak Reynolds shear stress magnitude are more appropriate low-frequency pressure593
scales. Another important finding is that, for low Reynolds number cases such as the current594
one, using 𝛿 and 𝑈𝑒 as length and velocity scales may give good overall collapse of wall595
pressure spectra, as shown in figure 14 (a).596

4.2. Two-point correlations and coherence functions597

The contour plots of the two-point correlation functions of wall-pressure fluctuations,598
introduced in section 2.1, are shown in figure 17 as a function of streamwise (𝜉𝑥) and599
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Figure 17: Contour plot of two-point correlation of wall-pressure fluctuations versus
streamwise spatial and temporal separations. Contour levels are from 0.15 to 0.9 with

increments of 0.15. (a) 𝑥/𝑐 = −0.60; (b) 𝑥/𝑐 = −0.47; (c) 𝑥/𝑐 = −0.14; and (d)
𝑥/𝑐 = −0.08. Red lines are collections of outermost point of each iso-contour line for the

attached TBL by Na & Moin (1998) to indicate inclinations of the iso-contours: − · −
(red), ZPG data at 𝑥 = 0.5 m and −− (red), APG data at 𝑥 = 0.85 m.

temporal (Δ𝑡) separations and normalized with inlet parameters. The slope 𝑑 (𝜉𝑥)/𝑑 (Δ𝑡) gives600
the propagation speed of the eddies, the signatures of which are reflected in wall-pressure601
fluctuations. As a reference, these slopes of the cross-correlation at each spatial separation602
found in Na & Moin (1998) flat-plate case of attached TBL, with ZPG at 𝑥 = 0.50 m and with603
APG at 𝑥 = 0.85 m, are also indicated by dotted-dashed and dashed red lines, respectively.604
As expected, a larger propagation speed is seen in the ZPG region, while in the APG region605
the convection speed of the turbulent structures is reduced and the contour plots are broader606
This is associated with a longer correlation time of wall pressure fluctuations in APG region,607
and it suggests a lower convection velocity of turbulent structures, which will be discussed608
later. Variations of both the slope and broadness of the contours with APG are in agreement609
with the observations of Na & Moin (1998), despite different Re𝜃 ranges and a stronger APG610
reached in the present flow.611

By Fourier transforming the two-point correlation function, the CSD Ψ𝑝𝑝 (𝝃;𝜔) is612
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Figure 18: Contours of streamwise coherence of fluctuating pressure for ZPG and APG
regions: (a) 𝑥/𝑐 = −0.60; (b) 𝑥/𝑐 = −0.47; (c) 𝑥/𝑐 = −0.14; and (d) 𝑥/𝑐 = −0.08. · · ·

(red) spatial separations 𝜉𝑥/𝑐 = 0.007, 0.013, 0.016 used in figures 20 and 21; − · − (blue)
frequencies of 1600 and 5000 Hz used in figures 22 and 23.

calculated (see section 2.1). The cross-spectrum Ψ𝑝𝑝 (𝝃;𝜔) is useful for studying the wall-613
pressure spatial coherence as a function of frequency (Moreau & Roger 2005; Roger &614
Moreau 2005). In general, the coherence function between two points on the aerofoil surface615
can be defined as:616

𝛾2(𝝃;𝜔) =
|Ψ𝑝𝑝 (𝝃;𝜔) |2

𝜙𝑝𝑝 (𝜔)2 . (4.1)617

The coherence function describes the correlation between two points with a spatial separation618
of 𝜉𝑥 in the longitudinal (or streamwise) direction and 𝜉𝑧 in the lateral (or spanwise) direction619
at a given frequency. The contours of the calculated coherence distributions are shown along620
the streamwise and spanwise directions in figures 18 and 19, respectively. On the one621
hand, both streamwise and spanwise coherence functions are not seen to vary much in the622
ZPG regions, with a larger coherence in the streamwise direction. On the other hand, the623
streamwise coherence is seen to be reduced by APG for the whole frequency range, while624
the spanwise coherence overall increases with APG, especially at low frequencies, as already625
noted by Wang et al. (2009) based on the first LES on the present aerofoil. Figure 19 also626
indicates that the spanwise extent of the computational domain (i.e., 0.12 𝐶) is sufficient for627
proper flow development in both ZPG and APG regions for most frequencies beyond 200628
Hz, as already pointed out by Wang et al. (2009) and confirmed experimentally in several629
test facilities (Moreau & Roger 2005; Jaiswal et al. 2020; Jaiswal 2020). A slight increase630
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Figure 19: Contours of spanwise coherence of fluctuating pressure for ZPG and APG
regions: (a) 𝑥/𝑐 = −0.60; (b) 𝑥/𝑐 = −0.47; (c) 𝑥/𝑐 = −0.14; and (d) 𝑥/𝑐 = −0.08. · · ·

(red), spatial separations 𝜉𝑧/𝑐 = 0.0019, 0.0025, 0.0049 used in figures 20 and 21; − · −
(blue) frequencies 1600 and 5000 Hz used in figures 22 and 23.

of coherence level in the high frequency range is found for sensor 24, which is caused631
by an acoustic contamination by an extra noise source in the wake, as already seen in the632
wall-pressure PSD in figures 12 to 14 and as mentioned by Wu et al. (2020).633

More quantitative estimates are provided by the magnitudes of the normalized634
longitudinal and lateral CSD, 𝛾(𝜉𝑥 , 𝜔) = |Ψ𝑝𝑝 (𝜉𝑥 , 0, 𝜔) |/𝜙𝑝𝑝 (𝜔) and 𝛾(𝜉𝑧 , 𝜔) =635
|Ψ𝑝𝑝 (0, 𝜉𝑧 , 𝜔) |/𝜙𝑝𝑝 (𝜔), respectively. First, figures 20 and 21 show these normalized CSD636
versus the normalized frequency 𝜔𝛿∗

𝑖𝑛
/𝑈∞ for different spatial separations, indicated with637

horizontal red dotted lines in figures 18 and 19. In figure 20, the normalized longitudinal638
CSD in APG is seen to be systematically below that for a ZPG, as already noticed639
by Schloemer (1967). The levels are higher at sensor 7 than at sensor 9, most likely a history640
effect of the upstream FPG flow. The decay of coherence with frequency is also seen to be641
faster in APG (with a power-law slope of −0.4) than in ZPG (with a slope of −0.32). In figure642
20, 𝛾(𝜉𝑥 , 𝜔) is also compared with distributions provided by Hu (2021), who measured643
wall-pressure fluctuations induced by TBL with different pressure gradients by installing a644
NACA0012 aerofoil above a flat plate with an adjustable angle of attack. Even though the645
Reynolds numbers Re𝜃 are much larger in the latter experiments, good agreement is found in646
the variation of streamwise coherence with frequencies for both ZPG and APG conditions.647
Only at high frequencies, a slightly faster decay in ZPG is seen in the distributions of Hu648
(2021), but the correlations are low and bear the largest experimental uncertainties. Such a649
good match underlines that the streamwise wall-pressure coherence is quite insensitive to650
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Figure 20: Streamwise 𝛾(𝜉𝑥 , 𝜔) frequency distribution for different spatial separations at
four location on the aerofoil suction side: −−, ZPG locations 𝑥/𝑐 = −0.60 (thin gray line)

and 𝑥/𝑐 = −0.47 (thick gray line); −−, APG locations 𝑥/𝑐 = −0.14 (thin black line),
𝑥/𝑐 = −0.08 (thick black line). · · · ZPG data by Hu (2021) (blue for 𝜉𝑥/𝛿∗ = 4.3, red for
𝜉𝑥/𝛿∗ = 6.0 and turquoise for 𝜉𝑥/𝛿∗ = 6.3); − · − APG data by Hu (2021) (blue for
𝜉𝑥/𝛿∗ = 2.0 and red for 𝜉𝑥/𝛿∗ = 2.7). (a) 𝜉𝑥/𝑐 = 0.007 and 𝜉𝑥/𝛿∗𝑖𝑛 = 2.61; (b)

𝜉𝑥/𝑐 = 0.013 and 𝜉𝑥/𝛿∗𝑖𝑛 = 5.19; (c) 𝜉𝑥/𝑐 = 0.016 and 𝜉𝑥/𝛿∗𝑖𝑛 = 6.23.

a significant variation in Re𝜃 , similar to what was observed in the velocity correlations by651
Sillero et al. (2014) in ZPG TBL on flat plates and by Pargal et al. (2022) with the present652
DNS data of a CD aerofoil and with another DNS of flow on a flat plate with the same653
external mean pressure gradient. In figure 21, the normalized lateral CSD are seen to vary654
far less with flow conditions than the longitudinal ones. Only at low to mid frequencies,655
a systematic increase of spanwise coherence is observed with APG, consistently with the656
observations of Wang et al. (2009). This coherence increase in a given frequency range is657
predominantly associated with large turbulent structures formed during APG.658

Next, figures 22 and 23 show the coherence, 𝛾2, versus various streamwise and spanwise659
separations at two increasing frequencies, indicated with vertical blue dashed-dotted lines660
in figures 18 and 19, for the four locations on the aerofoil. A faster decay of coherence661
with distance (in both 𝑥 and 𝑧) is observed for higher frequencies, regardless of the mean662
pressure gradient. The streamwise coherence in figure 22(a) decays rapidly with longitudinal663
distance when moving downstream, indicating shorter coherence in the APG region than in664
the ZPG one. However, the spanwise coherence decay with lateral distance in figure 23(b)665
does not show significant difference between the four chordwise locations. As also observed666
in Schloemer (1967), the spanwise coherence decays faster with distance than the streamwise667
one in both ZPG and APG regions for both frequencies. A similar trend was also found668
by Brooks & Hodgson (1981) on the NACA0012 aerofoil (figure 16 in (Brooks & Hodgson669
1981)).670
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Figure 21: Spanwise 𝛾(𝜉𝑧 , 𝜔) frequency distribution for different spatial separations at
four location on the aerofoil suction side: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and
𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08

(thick black line). (a) 𝜉𝑧/𝑐 = 0.0019; (b) 𝜉𝑧/𝑐 = 0.0025; (c) 𝜉𝑧/𝑐 = 0.0049.
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Figure 22: Coherence functions, 𝛾2, at various streamwise separations on the aerofoil
suction side: −−, ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray
line); −−, APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line). (a)

1600 Hz (b) 5000 Hz.

All the above is also consistent with what has been previously observed for the main671
contributors to wall-pressure fluctuations in a turbulent boundary layer: on one hand, the wall-672
pressure behaviour at high frequencies is predominantly controlled by smaller structures in the673
inner layer, with short delay times and steep coherence decay rates with distance (Schloemer674
1967; Van Blitterswyk & Rocha 2017); on the other hand, the bigger outer-layer structures,675
characterized by longer decay lengths, dominate the wall-pressure coherence at low to mid676
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Figure 23: Coherence functions, 𝛾2, at various spanwise separations on the aerofoil
suction side: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray
line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line). (a)

1600 Hz and (b) 5000 Hz.

frequencies (Bull 1996; Palumbo 2012). The observed increase of spanwise coherence with677
APG in the low- to mid-frequency range can be related to the larger lifted turbulent structures678
seen in figure 11 (b).679

In figures 24 and 25, the magnitude of the normalized longitudinal and lateral CSD680
are plotted versus the phase 𝜔𝜉𝑥,𝑧/𝑈𝑐, with 𝑈𝑐 the convective velocity, for several spatial681
separations for ZPG and APG cases. The streamwise 𝛾(𝜉𝑥 , 𝜔) and spanwise 𝛾(𝜉𝑧 , 𝜔)682
measure the loss of coherence of the eddies as they move downstream and, similarly, the683
decrease of coherence of the eddies in the spanwise direction, respectively (Schloemer 1967).684
In figures 24 and 25, the dashed-dotted lines represent the curves found to fit the data of Corcos685
(1964) for ZPG TBL on a flat plate, exp(−𝛼𝑥𝜔𝜉𝑥/𝑈𝑐) with 𝛼𝑥 = 0.11 and exp(−𝛼𝑧𝜔𝜉𝑧/𝑈𝑐)686
with 𝛼𝑧 = 0.8 and 0.714. The convection velocities considered here correspond to about687
𝑈𝑐 ≈ 0.8𝑈∞ for ZPG flow and𝑈𝑐 ≈ 0.5𝑈∞ for APG flow, similarly to what was found by Na688
& Moin (1998), who observed a mean convection velocity of𝑈𝑐 ≈ 0.79𝑈∞ in ZPG flow and689
𝑈𝑐 ≈ 0.56𝑈∞ in APG flow, or by Schloemer (1967) who found a mean convection velocity690
of 𝑈𝑐 ≈ 0.75𝑈∞ in ZPG flow and 𝑈𝑐 ≈ 0.54𝑈∞ in APG flow. The decay rates 𝛼𝑥 and 𝛼𝑧 at691
the four locations analyzed here are obtained by fitting the data at different streamwise spatial692
separations and are plotted in the figures for each location using black solid lines. As shown693
in figure 24, the APG results display lower values of 𝛾(𝜉𝑥 , 𝜔) for a fixed 𝜔𝜉𝑥/𝑈𝑐 compared694
to the ZPG ones, which corresponds to an increase of 𝛼𝑥 in the APG region. Indeed, a good695
fit to the data is found for the exponential decay of 𝛼𝑥 = 0.11 and 𝛼𝑥 = 0.14 for the ZPG696
locations, and 𝛼𝑥 = 0.23 and 𝛼𝑥 = 0.29 for the APG ones. For the present CD aerofoil, the697
ZPG coherence decays with the phase similarly (sensor 7) or more rapidly (sensor 9) than698
what was found by Corcos (1964). These trends in both ZPG and APG are consistent with699
the findings of Hu (2021), Brooks & Hodgson (1981) and Schloemer (1967). For instance,700
Hu (2021) reported 𝛼𝑥 = 0.14 in ZPG flow and 𝛼𝑥 = 0.2 in APG flow. In a flow with701
milder APG, Brooks & Hodgson (1981) observed a 𝛼𝑥 = 0.19. Given the difference in flow702
condition, this again suggests that the streamwise decay coefficient 𝛼𝑥 hardly depends on703
the Reynolds number, consistently with the results of Sillero et al. (2014) and Pargal et al.704
(2022) on velocity correlations. In turn, this suggests that the empirical correlation of 𝛼𝑥705
with friction velocity or Reynolds number based on momentum thickness (equations (2) and706
(4) in Hu (2021)) may not apply at lower Re𝜃 . In figure 24, the curves for different streamwise707
separations tend to collapse for frequencies higher than a characteristic value, which varies708
with sensor location, decreasing as it moves downstream. The collapse implies a constant709
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Figure 24: Streamwise 𝛾(𝜉𝑥 , 𝜔) versus the phase 𝜔𝜉𝑥/𝑈𝑐 for ZPG and APG positions. (a)
𝑥/𝑐 = −0.60; (b) 𝑥/𝑐 = −0.47; (c) 𝑥/𝑐 = −0.14; and (d) 𝑥/𝑐 = −0.08. − (blue),
𝜉𝑥/𝑐 = 0.013; − (purple), 𝜉𝑥/𝑐 = 0.016; −− (turquoise), 𝜉𝑥/𝑐 = 0.021; · · · (red),
𝜉𝑥/𝑐 = 0.026; · · · (green), 𝜉𝑥/𝑐 = 0.037; · · · (olive), 𝜉𝑥/𝑐 = 0.061; − · − (red),

exp(−0.11𝜔𝜉𝑥/𝑈𝑐); −, exp(−𝛼𝑥𝜔𝜉𝑥/𝑈𝑐) with 𝛼𝑥 = 0.11 for (a), 𝛼𝑥 = 0.14 for (b),
𝛼𝑥 = 0.23 for (c) and 𝛼𝑥 = 0.29 for (d).

decay rate of the wall-pressure fluctuations for the high-frequency range. These results are710
consistent with the comparisons seen in figures 18 to 22.711

On the other hand, in figure 25, similar smaller changes in 𝛾 in the spanwise direction712
between ZPG and APG flows are found as observed by Schloemer (1967), Brooks & Hodgson713
(1981) and Hu (2021). In figure 25, a good fit to the data is found for the exponential decay714
with 𝛼𝑧 = 0.76 and 𝛼𝑧 = 0.70 for the two locations in the ZPG region respectively, and715
𝛼𝑧 = 0.48 and 𝛼𝑧 = 0.55 for the APG ones, which yields a 36% variation in the spanwise716
direction compared to about a factor of two in the streamwise direction. For instance, Hu717
(2021) reported 𝛼𝑧 = 0.75 in ZPG and 𝛼𝑧 = 0.5 for the APG TBL in table 1, which yields a718
similar 33% variation in the spanwise direction. This in turn suggests that the spanwise decay719
coefficient 𝛼𝑧 is weakly dependent on the Reynolds number, consistently with the results720
of Sillero et al. (2014) and Pargal et al. (2022) on velocity correlations. The variations of 𝛼𝑧721
in ZPG and APG flows are also consistent with data shown in figures 19 to 23. The observed722
similarity in the decay coefficient variations across a wide range of Reynolds numbers can723
help modelling the spatial coherence of wall pressure fluctuations, as an essential part of724
trailing edge noise prediction.725

In the present compressible DNS case, the range of frequency considered is 0.069 ⩽726
𝜔𝛿∗/𝑈∞ ⩽ 1.12 to neglect the high-frequency acoustic contribution (i.e. additional noise727
source in the wake), which produces an increase of the spanwise 𝛾(𝜉𝑧 , 𝜔) and streamwise728
𝛾(𝜉𝑥 , 𝜔) distributions as indicated in figure 25 (c) for 𝜉𝑧/𝑐 = 0.0043 (green dotted line).729
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Figure 25: Spanwise 𝛾(𝜉𝑧 , 𝜔) versus the phase 𝜔𝜉𝑧/𝑈𝑐 . (a) 𝑥/𝑐 = −0.60; (b)
𝑥/𝑐 = −0.47; (c) 𝑥/𝑐 = −0.14; and (d) 𝑥/𝑐 = −0.08. − (blue), 𝜉𝑧/𝑐 = 0.0019; − (purple),
𝜉𝑧/𝑐 = 0.0025; −− (turquoise), 𝜉𝑧/𝑐 = 0.0031; · · · (red), 𝜉𝑧/𝑐 = 0.0037; · · · (green),
𝜉𝑧/𝑐 = 0.0043; · · · (olive), 𝜉𝑧/𝑐 = 0.0056; − · − exp(−0.714𝜔𝜉𝑧/𝑈𝑐) and (red)

exp(−0.8𝜔𝜉𝑧/𝑈𝑐); −, exp(−𝛼𝑧𝜔𝜉𝑧/𝑈𝑐) with 𝛼𝑧 = 0.76 for (a), 𝛼𝑧 = 0.70 for (b),
𝛼𝑧 = 0.48 for (c) and 𝛼𝑧 = 0.55 for (d).

Additionally, for a given pressure gradient, the decay rates are quite sensitive to a change in730
the convection velocity. Specifically, a lower 𝑈𝑐 shifts 𝛾(𝜉𝑥,𝑧 , 𝜔) towards higher 𝜔𝜉𝑥,𝑧/𝑈𝑐,731
which gives a smaller decay rate.732

A coherence length of wall-pressure fluctuations at each frequency can then be defined by733
the following expression in both streamwise and spanwise directions:734

𝐿𝑥,𝑧 ( 𝑓 ) =
∫ ∞

0
𝛾(𝜉𝑥,𝑧 , 𝑓 )d𝜉𝑥,𝑧 . (4.2)735

The coherence length distributions in the same frequency range as above are plotted in736
figure 26 for the four positions on the CD aerofoil. Hu (2021)’s measurements over a more737
limited frequency range for the ZPG and APG flow conditions in table 1 are also shown.738
Despite the different Re𝜃 , the two sets of data show very similar results in the ZPG region for739
both coherence lengths. In the APG the trends are similar with smaller streamwise coherence740
length and larger spanwise one than in ZPG, but their roll-off occurs at a higher reduced741
frequency𝜔 𝛿∗/𝑈𝑒 closer to 1 (Reynolds number effect similar to what is observed for the PSD742
of the wall-pressure fluctuations). Consequently both 𝐿𝑧 for ZPG and APG respectively merge743
almost a decade later in frequency in Hu (2021)’s data. The effect of APG on the coherence744
lengths is in fact consistent with what was found in Hu (2021) and Van Blitterswyk & Rocha745
(2017). The difference in the roll-off between APG and ZPG profiles, for both 𝐿𝑥 ( 𝑓 ) and746
𝐿𝑧 ( 𝑓 ), reflects the effect of APG on the PSD spectra (see figure 12). At low frequencies, both747
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Figure 26: Normalized coherence lengths for ZPG locations (◦, 𝑥/𝑐 = −0.60 and □,
𝑥/𝑐 = −0.47) and APG locations (▽, 𝑥/𝑐 = −0.14 and +++, 𝑥/𝑐 = −0.08) in (a) streamwise

and (b) spanwise directions. • (blue) ZPG data by Hu (2021) at Re𝜃 = 4889; ▲ (red) APG
data by Hu (2021) at Re𝜃 = 8670.
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Figure 27: Normalized streamwise coherence lengths for ZPG locations (◦, 𝑥/𝑐 = −0.60
and □, 𝑥/𝑐 = −0.47) and APG locations (▽, 𝑥/𝑐 = −0.14 and +++, 𝑥/𝑐 = −0.08) in inner (a)

and outer (b) variable scalings.

coherence lengths 𝐿𝑥,𝑧 ( 𝑓 ) increase with APG significantly. At middle to high frequencies,748
lower levels are found for the APG profiles compared with the ZPG ones, with a drop in the749
streamwise coherence length 𝐿𝑥 much more marked than in the spanwise one 𝐿𝑧 that stays750
almost similar at all locations. Indeed, as also observed by Van Blitterswyk & Rocha (2017)751
at a higher Re𝜃 , the intensity of smaller-scale structures with faster decay increases, as well752
as the size of large-scale structures.753

Comparison between the streamwise correlation lengths normalized using inner (figure754
27 (a)) and outer (figure 27 (b)) variables shows that a better collapse at all four locations is755
obtained with an inner scaling. However, for the spanwise correlation length, a better collapse756
is obtained using the outer variables (figure 28 (b) compared to figure 28 (a)).757

4.3. Wavenumber-frequency spectra758

The wavenumber-frequency spectral density of the wall-pressure fluctuations, Ψ𝑝𝑝 (𝒌;𝜔), is759
related to the CSD Ψ𝑝𝑝 (𝝃;𝜔) by a 2D spatial Fourier transform (see section 2.1). In figures760

29 and 30, the normalized two-dimensional wavenumber-frequency spectra, Ψ𝑝𝑝 (𝒌;𝜔) =761
Ψ𝑝𝑝 (𝒌;𝜔) (𝑈∞/𝜏2

𝑤𝛿
∗3
𝑖𝑛
), is plotted in the normalized wavenumber domain (𝑘𝑥𝛿∗𝑖𝑛, 𝑘𝑧𝛿∗𝑖𝑛)762
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Figure 28: Normalized spanwise coherence lengths for ZPG locations (◦, 𝑥/𝑐 = −0.60 and
□, 𝑥/𝑐 = −0.47) and APG locations (▽, 𝑥/𝑐 = −0.14 and +++, 𝑥/𝑐 = −0.08) in inner (a) and

outer (b) variable scalings.

at three dimensionless frequency values, with 𝑘𝑥 and 𝑘𝑧 the streamwise and spanwise763
wavenumbers, respectively. Note that the same dimensionless frequencies are used for the764
four locations: a low frequency 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 0.34, a middle frequency 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 0.76,765

and a high frequency 𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 1.73. At the low frequency, the convective contribution766

centred around the convective wavenumber 𝑘𝑥 = 𝑘𝑐 (with 𝑘𝑐 = 𝜔/𝑈𝑐) is predominant. On767
the other hand, the acoustic contribution centred around the acoustic wavenumber 𝑘𝑥 = 𝑘0768
is not visible. At the high frequency 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 1.73, however, the acoustic contribution769

appears and separates from the convective one, as seen in figure 30. The trace of the acoustic770
domain matches an ellipse with its centre at (𝑘0𝑀/𝛽2, 0), a major radius of 𝑘0/𝛽2, and a771

minor radius of 𝑘0/𝛽 with the Prandtl-Glauert factor given by 𝛽 =
√

1 − 𝑀2 (see dashed red772
lines in figures 29 and 30), as also found in the compressible LES of Cohen & Gloerfelt773
(2018). At the low frequency, the red ellipse merges with the convective domain, while at the774
higher frequencies it is clearly visible. As noted by Cohen & Gloerfelt (2018), it is rare to775
capture the acoustic contribution and this is a first case in such a non-equilibrium turbulent776
boundary layer with high APG. At higher frequencies (≈ 10 kHz for APG locations as seen777
in figure 30), the acoustic contribution to the fluctuations becomes significant. Indeed, for778
higher frequencies, darker contours around the acoustic wavenumber and lighter contours in779
the convective region are seen in figures 29 and 30. The convective contribution seen in the780
figures has an antisymmetric distribution along 𝑘𝑥 and an elongated elliptical shape with a781
major axis in the 𝑘𝑧 direction. The convective ridge in 𝑘𝑥 in the ZPG spectra in figure 29782
is slightly smaller (with higher 𝑈𝑐) than in the APG spectra in figure 30. This behaviour783
is consistent with what was found by Cohen & Gloerfelt (2018), Salze et al. (2015) and784
Bull (1996). Thus, as seen before the wall-pressure field is more coherent in the streamwise785
direction for the ZPG region than for the APG one (see section 4.2).786

In figure 31, the normalized wavenumber-frequency spectra for the four locations are also787
plotted as functions of frequency for increasing 𝑘𝑥𝛿∗𝑖𝑛 in the range 0.36 ⩽ 𝑘𝑥𝛿

∗
𝑖𝑛

⩽ 2.11,788
with increments of 0.25 going from top (solid black line) to the bottom (solid thick gray789
line) of the plot. The maximum of each spectrum in figure 31 corresponds to the primary790
convective peak. For higher 𝑘𝑥𝛿∗𝑖𝑛 (i.e. solid thick gray line with 𝑘𝑥𝛿

∗
𝑖𝑛

= 2.11 in figure791
31), the primary convective peak moves to higher frequencies (Bull 1996; Choi & Moin792
1990). In the same way, as indicated in the contour plots of figures 29 and 30, as the793
frequency increases the convective ridge moves to higher wavenumbers. This behaviour can794
be analyzed more in detail if considering, for example, figure 29 (a) for 𝑥/𝑐 = −0.60; in this795
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Figure 29: Normalized two-dimensional wavenumber-frequency spectra
Ψ𝑝𝑝 (𝒌;𝜔) = Ψ𝑝𝑝 (𝒌;𝜔) (𝑈∞/𝜏2

𝑤𝛿
∗3
𝑖𝑛
) measured at three dimensionless frequencies: left

column 𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 0.34; center column 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 0.76; right column

𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 1.73. ZPG locations: (a), (b), (c) 𝑥/𝑐 = −0.60; (d), (e), (f ) 𝑥/𝑐 = −0.47.

Trace of the acoustic domain (red dashed line) (Cohen & Gloerfelt 2018) and centre of the
convective ridge (red dotted line).

case, the convective ridge is centred around 𝑘𝑥𝛿∗𝑖𝑛 = 0.36 for 𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 0.34. Thus, at this796

normalized frequency, in figure 31 (a), a maximum is seen for the solid black curve which797
corresponds to 𝑘𝑥𝛿∗𝑖𝑛 = 0.36 (see red dotted line in figures 29 (a) and 31 (a)). For APG, the798
acoustic peak is also seen at higher frequencies. If considering, for example, figure 29 (f),799
for 𝑥/𝑐 = −0.08, the acoustic domain is centred around 𝑘𝑥𝛿∗𝑖𝑛 = 0.40 for 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 1.73.800

Thus, around this frequency in figure 31 (d), a maximum is seen for the solid black curve801
which corresponds to a closer 𝑘𝑥𝛿∗𝑖𝑛 of 0.36. The result shows that the high-frequency humps802
observed in wall pressure PSD in a non-equilibrium flow such as the present one is due to803
acoustic contribution. Therefore, it may not be appropriate to model high-frequency humps804
of this kind directly based on aerodynamic boundary layer parameters (e.g. by Dominique805
et al. 2022).806
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Figure 30: Normalized two-dimensional wavenumber-frequency spectra
Ψ𝑝𝑝 (𝒌;𝜔) = Ψ𝑝𝑝 (𝒌;𝜔) (𝑈∞/𝜏2

𝑤𝛿
∗3
𝑖𝑛
) measured at three dimensionless frequencies: left

column 𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 0.34; center column 𝜔𝛿∗

𝑖𝑛
/𝑈∞ = 0.76; right column

𝜔𝛿∗
𝑖𝑛
/𝑈∞ = 1.73. APG locations: (a), (b), (c) 𝑥/𝑐 = −0.14; (d), (e), (f ) 𝑥/𝑐 = −0.08.
Trace of the acoustic domain (red dashed line) (Cohen & Gloerfelt 2018) .

4.4. Convection velocity807

In this section, the convection velocity 𝑈𝑐 is calculated from the DNS database for the four808
locations under analysis. Generally speaking, the convection velocity of a Fourier mode is809
expressed as𝑈𝑐 = 𝜔/𝑘𝑥 = 𝑓 𝜆𝑥 . However, for a given frequency a spectrum of wavenumber810
is found, and vice-versa, as seen in figures 29, 30 and 31 (Del Álamo & Jiménez 2009). In811
general, Taylor’s frozen turbulent approximation (Taylor 1938) that assumes a uniform 𝑈𝑐812
equal to the local mean velocity is commonly used. Such an approximation, acceptable for813
low frequencies and low wavenumbers, neglects the dependence of𝑈𝑐 on eddy size leading814
to errors in the interpretation of large-scale structures in jets for instance (Del Álamo &815
Jiménez 2009). To overcome this limitation, different definitions of 𝑈𝑐 have been proposed,816
which consider its dependence on wavenumber, frequency and spatial separation (Wills 1964;817
Hussain & Clark 1981; Goldschmidt et al. 1981).818

In the following section, the convection velocities as functions of frequency, wavenumber819
or spatial separation are calculated for ZPG and APG TBLs on the CD aerofoil and compared820
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Figure 31: Normalized two-dimensional wavenumber-frequency spectra as function of
frequency at increasing 𝑘𝑥𝛿∗𝑖𝑛. 𝑘𝑥𝛿∗𝑖𝑛 = 0.36 (solid black line) to 𝑘𝑥𝛿∗𝑖𝑛 = 2.11 (solid

thick gray line), with increments of 0.25. (a) 𝑥/𝑐 = −0.60; (b) 𝑥/𝑐 = −0.47; (c)
𝑥/𝑐 = −0.14; and (d) 𝑥/𝑐 = −0.08.

with available data by Choi & Moin (1990), Na & Moin (1998), Cohen & Gloerfelt (2018)821
and Burton (1973).822

4.4.1. Convection velocity as a function of frequency823

The convection velocity𝑈𝑐 (𝜔) is extracted from a linear interpolation of the phase 𝜔𝜉𝑥/𝑈𝑐824
in the cross-spectrum, Ψ𝑝𝑝 (𝝃;𝜔), and scaled with inner and outer boundary layer variables,825
as shown in figure 32. The range of spatial separations 𝜉𝑥 for which the phase is linear within826
about 10% is considered for the extraction of𝑈𝑐 (𝜔).827

The inner variables scaling shown in figure 32 (a) shows a good collapse of the spectra.828
Generally, the convection velocity increases with frequency, reaching a maximum and then829
slightly decreases with frequency, as the size of structures in the boundary layer, proportional830
to the wavelength, decreases (Schloemer 1967). For a given value of 𝜔𝛿/𝑢𝜏 , the ratio831
𝑈𝑐 (𝜔)/𝑈∞ is lower for APG than for ZPG, because the smallest turbulent structures located832
near the wall are subjected to a slower flow, and the largest ones lifted from the wall833
mostly convect with the bulk velocity that is also lower (see figure 11). Therefore, smaller834
mean convection velocities of the turbulent eddies are found. In figure 32, as the frequency835
increases, 𝑈𝑐 (𝜔)/𝑈∞ reaches approximately 0.8 for the ZPG cases and 0.5 for the APG836
ones, as previously found by Bull (1996) and used in section 4.2. Moreover, in APG the high-837
frequency limit slightly decreases. On the other hand, for ZPG the ratio𝑈𝑐 (𝜔)/𝑈∞ increases838
to a maximum asymptotic value. The ratio found for the ZPG regions, at sensor 9 noticeably,839
is in good agreement with Choi’s ZPG data (Choi & Moin 1990). At lower frequencies,840
the ratio decreases. This behaviour, also seen in Choi’s ZPG data, is linked to the loss of841
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Figure 32: Normalized convection velocities as function of dimensionless frequency at
four locations on the aerofoil suction side: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and
𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08
(thick black line). •, data by Choi & Moin (1990). (a) Inner variables scaling; (b) Outer

variables scaling.

coherence of the turbulent structures seen in section 4.2 (figure 24). The convection velocity842
is slightly higher at sensor 7 most likely because of the history effect of the upstream FPG843
region (figure 15 (c) in Schloemer (1967)). The mean convection velocities calculated from844
these distributions are𝑈𝑐 ≈ 0.87𝑈∞ for sensor 7,𝑈𝑐 ≈ 0.80𝑈∞ for sensor 9,𝑈𝑐 ≈ 0.50𝑈∞845
for sensor 21 and 𝑈𝑐 ≈ 0.44𝑈∞ for sensor 24. In turn, these ratios correspond to coherence846
decay rates 𝛼𝑥 = 0.13 and 𝛼𝑧 = 0.82 at sensor 7, and 𝛼𝑥 = 0.25 and 𝛼𝑧 = 0.49 at sensor 24,847
while at sensors 9 and 21 the coherence decay rates are as indicated in figures 24 and 25.848

Overall, figure 32 shows uniform distributions for 𝑈𝑐 (𝜔), consistent with previous849
measurements in both ZPG (see for instance figure 15 (a) in Schloemer (1967)) and APG850
flows (see for instance figure 15 (b) in Schloemer (1967); figure 19 in Brooks & Hodgson851
(1981)). The results also indicate that the convection velocity scales well with friction velocity852
for the majority of the frequency range, even in highly non-equilibrium flows. The differences853
observed at sensor 24 at low frequencies could be due to the vicinity of this location to the854
trailing edge (Wu et al. 2020; Messiter 1970). Note also that the data presented do not extend855
to lower frequencies where the ratio may be sensitive to the sampling period.856

4.4.2. Convection velocity as a function of streamwise wavenumber857

The convection velocity can be defined from the wavenumber-frequency spectra,Ψ𝑝𝑝 (𝑘𝑥 , 𝜔),858
as function of the streamwise wavenumber by considering the maximum of the frequency859
spectrum at a given wavenumber [𝜕Ψ𝑝𝑝 (𝑘𝑥 , 𝜔)/𝜕𝜔]𝜔=𝜔𝑐 (𝑘𝑥 ) = 0. Such a maximum860
corresponds to the convective frequency that gives 𝑈𝑐 (𝑘𝑥) = −𝜔𝑐 (𝑘𝑥)/𝑘𝑥 . This scheme861
was proposed by Wills (1964) to consider the dependence of 𝑈𝑐 on both wavenumber862
and frequency, overcoming the artifact of Taylor’s approximation that is most likely not863
verified in the present highly sheared strongly non-equilibrium TBL (Moin 2009). Similarly,864
𝑈𝑐 (𝑘𝑥) can be defined considering the maximum of the wavenumber spectrum at a given865
frequency (Comte-Bellot & Corrsin 1971). The normalized convection velocities as functions866
of dimensionless streamwise wavenumber at the four locations on the aerofoil suction side867
are plotted in figure 33.868

Inner and outer variable scaling are obtained using 𝑢𝜏 and 𝑈∞, respectively. The results869
are then compared with data by Choi & Moin (1990) and Panton & Linebarger (1974)’s870
model. In figures 33 (a) and 33 (b), a good agreement is found for the ZPG distributions with871
Choi & Moin (1990), and in the low to mid wavenumber range (𝑘𝑥𝛿 below 20) with Panton872
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Figure 33: Normalized convection velocities as function of dimensionless streamwise
wavenumber at four locations on the aerofoil suction side: ZPG locations 𝑥/𝑐 = −0.60

(thin gray line) and 𝑥/𝑐 = −0.47 (thick gray line); APG locations 𝑥/𝑐 = −0.14 (thin black
line), 𝑥/𝑐 = −0.08 (thick black line). •, data by Choi & Moin (1990) and − · −, Panton &
Linebarger (1974)’s model for Re𝜏 = 178 and Re𝜏 = 185, corresponding to sensors 7 (thin

gray line) and 9 (thick gray line), respectively. (a) Inner variables scaling; (b) Outer
variables scaling.

& Linebarger (1974)’s model (see both dashed dotted lines). Indeed, according to Panton &873
Linebarger (1974), a convective velocity overlap law, similar to the friction mean velocity874
log-law, can be defined in the mid wavenumber range, in which large and small structures875
are both important. This overlap law depending upon the friction Reynolds number is plotted876
here for Re𝜏 = 178 and Re𝜏 = 185 corresponding to sensors 7 and 9 respectively (see877
table 1). The inner variable scaling of figure 33 (a) shows a good collapse of the spectra878
upon 𝑘𝑥 ≈ 15/𝛿, with APG levels of the same order of the ZPG ones. In figure 33 (b), for879
small scale structures (or high 𝑘𝑥), the ratio 𝑈𝑐/𝑈∞ is around 0.6 for ZPG. It decreases in880
the APG region to 0.2 and 0.1 at sensors 21 and 24 respectively. For large scale structures881
(or low 𝑘𝑥), the ratio 𝑈𝑐/𝑈∞ is higher around 0.8 for ZPG. It again decreases in the APG882
region to 0.7 and 0.5 at sensors 21 and 24 respectively. Due to the difficulty in extracting the883
maxima of the wavenumber-frequency spectra in a discrete frequency range, the distributions884
of convective velocities in figure 33 are quite scattered particularly at low wavenumbers (or at885
the lowest frequencies), which corresponds to the noisiest part of the spectra. Nevertheless,886
at lower 𝑘𝑥 , the convection velocities can be seen to slightly decrease, probably because for887
those wavenumbers the contribution of the outer region of the boundary layer is lower and888
the middle region contribution picks up.889

As already observed by Choi & Moin (1990), at high frequencies and wavenumbers, a890
discrepancy between 𝑈𝑐 (𝜔) and 𝑈𝑐 (𝑘𝑥) is seen: 𝑈𝑐 (𝜔) ≈ 0.8𝑈∞ and 𝑈𝑐 (𝑘𝑥) ≈ 0.6𝑈∞891
for ZPG; and, 𝑈𝑐 (𝜔) ≈ 0.5𝑈∞ and 𝑈𝑐 (𝑘𝑥) ≈ 0.2𝑈∞ for APG. This is probably due to the892
Ψ𝑝𝑝 (𝒌;𝜔) characterized by a higher aspect ratio at high frequencies and wavenumbers, as893
also shown in figure 9 in Choi & Moin (1990), (see section 4.3 and Wu et al. (2019)). Overall,894
as discussed for 𝑈𝑐 (𝜔), as 𝑘𝑥 increases, the decrease of 𝑈𝑐 (𝑘𝑥) is more evident for APG895
than for ZPG, probably due to the smaller (Lee & Sung 2008) and slower-moving eddies896
near the wall in an APG flow.897

4.4.3. Convection velocity as a function of longitudinal separation898

The convection velocity is also commonly defined from the cross-correlation 𝑅𝑝𝑝 (𝜉𝑥 , 𝜏)899
as function of the streamwise separation as 𝑈𝑐 (𝜉𝑥) = 𝜉𝑥/𝜏𝑚𝑎𝑥 (𝜉𝑥) where the time delay900
𝜏𝑚𝑎𝑥 is given by the maximum [𝜕𝑅(𝜉𝑥 , 𝜏)/𝜕𝜏]𝜏=𝜏𝑚𝑎𝑥 ( 𝜉𝑥 ) = 0. In figure 34, the normalized901
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Figure 34: (a) Normalized convection velocities as function of longitudinal separation and
(b) peaks of the longitudinal space-time correlation at four locations on the aerofoil

suction side: ZPG locations 𝑥/𝑐 = −0.60 (thin gray line) and 𝑥/𝑐 = −0.47 (thick gray
line); APG locations 𝑥/𝑐 = −0.14 (thin black line), 𝑥/𝑐 = −0.08 (thick black line). •, data
by Choi & Moin (1990); ◦, ZPG data 𝑥 = 0.5, and □, APG data 𝑥 = 0.85 for attached TBL

and separated TBL (grey) at 𝑥/𝛿∗
𝑖𝑛

= 120 by Na & Moin (1998); △, ZPG (black), APGs
(red), APGw (magenta) data by Cohen & Gloerfelt (2018); ▲, Burton (1973) APG’s data.

convection velocities as function of longitudinal separation 𝜉𝑥/𝛿∗ are shown, together with902
the peaks of the longitudinal space-time correlation at the four locations on the aerofoil903
suction side.904

In figure 34 (a), the ratio 𝑈𝑐 (𝜉𝑥)/𝑈𝑒 is seen to increase almost monotonously for all data905
sets as the longitudinal separation increases. In fact, as a group of turbulent eddies travel906
downstream, the smaller eddies die out more rapidly and the larger ones (with higher 𝑈𝑐907
and a longer life time) dominate the wall-pressure correlation, as evidenced in figure 34 (b).908
Indeed, as seen in figure 17, the time delay corresponding to the peaks of the longitudinal909
space-time correlation for a particular eddy is shorter in ZPG than in APG, so lower values910
of correlation and longer delay times are found in the APG flow. The relationship between911
APG and ZPG flows is similar to what it is found for𝑈𝑐 (𝜔) and𝑈𝑐 (𝜉𝑥). For a given value of912
𝜉𝑥/𝛿∗ the convective velocity is lower for APG than for ZPG (Na & Moin 1998; Schloemer913
1967). In figure 34 (a), the convection velocities at large separations 𝜉𝑥 are close to what914
is found at low 𝑘𝑥 : about 0.7𝑈𝑒 at 𝜉𝑥 = 11𝛿∗ (or 0.85𝑈∞) for ZPG and about 0.5𝑈𝑒 at915
𝜉𝑥 = 5𝛿∗ (or about 0.55𝑈∞) for APG. On the other side, the convection velocities at small916
𝜉𝑥 separations are close to what is found at high 𝑘𝑥 (see 33 (b)). A good agreement with917
the reference data is found for both APG and ZPG (Choi & Moin 1990; Na & Moin 1998;918
Cohen & Gloerfelt 2018; Burton 1973). This is also consistent with the APG region on919
the NACA0012 aerofoil as shown in figure 21 in Brooks & Hodgson (1981). Figure 34920
shows how an increase of Reynolds number is characterized by a faster decay in 𝜉𝑥 with the921
low-frequency wall-pressure fluctuations retained for extended streamwise distances. This922
is a characteristic of hairpin structures (Van Blitterswyk & Rocha 2017), or long coherent923
motions containing a large number of smaller events.924

In summary, for all three definitions of the convection velocity in the present highly non-925
equilibrium turbulent flow, the APG is seen to significantly reduce the convection velocity926
(by a factor 2 to 3), consistently with previously measured ZPG and APG TBL. In terms of927
scaling, good collapse is found when all defined convection velocity are normalized by the928
friction velocity 𝑢𝜏 .929



38

5. Conclusions and discussion930

In the present study, recent DNS results are used to examine statistics of flows under mean931
ZPG and APG at low free-stream Mach number on a curved surface on which grows a highly932
non-equilibrium turbulent boundary layer. The DNS database has been previously obtained933
from a 3D compressible DNS of the flow over a CD aerofoil by Wu et al. (2018), which934
has been developed in order to reproduce the experimental set-up performed in the anechoic935
open jet wind-tunnel of the Université de Sherbrooke (Padois et al. 2015; Jaiswal 2020).936
Single point turbulent statistics and higher order statistics for wall-pressure fluctuations are937
investigated at four locations on the aerofoil corresponding to increasing Re𝜃 = 319, 390,938
877 and 1036, as well as Re𝜏 = 178, 185, 210 and 203. Those locations correspond to ZPG939
(sensors 7 and 9) and APG (sensors 21 and 24) locations on the suction side of the CD940
aerofoil, respectively.941

The turbulence statistics show that the strong APG has a significant effect on the mean942
velocity profiles and velocity fluctuations, as well as on wall-pressure statistics (PSD943
distributions, two-point correlations, coherence and wavenumber-frequency spectral density944
of wall-pressure fluctuations). This effect is more prominent on the outer region of the945
boundary layer. Single point turbulent velocity statistics and mean-flow distributions are in946
agreement with available literature data by Spalart (1988), Abe et al. (2005), Schlatter &947
Örlü (2010), Vinuesa et al. (2017), Watmuff (1989) and Smits et al. (1983) for instance. On948
the one hand, the boundary layer thicknesses (𝛿, 𝛿∗ and 𝜃), as well as the shape factor (𝐻),949
increase moving downstream from ZPG to APG. Even though the transition to turbulence950
is triggered by a LSB at the leading edge, the boundary-layer state at mid-chord for sensors951
7 and 9 are close to a fully turbulent flat-plate boundary layer. Further downstream, the952
airfoil camber triggers a strong variation of mean pressure gradients shown by the Clauser953
parameter 𝛽𝑐, indicating the non-equilibrium state of the turbulent boundary layer near the954
trailing edge. On the other hand, the skin friction coefficient 𝐶 𝑓 decreases slowly in the ZPG955
region and much faster towards the TE at increasing Reynolds numbers based on momentum956
thickness because of the strong APG. The scaling of 𝐶 𝑓 proposed by Volino (2020) partially957
holds but with a larger correction factor most likely caused by the present stronger APG.958
Moreover, the self-similarity of velocity fluctuations in the outer region of the boundary959
layer provided by the Zaragola-Smits scaling is also verified in the present strong non-960
equilibrium TBL. Particular attention has then been given for the first time to the effect of961
APG and of increasing Reynolds numbers on all higher order wall-pressure statistics that are962
necessary parameters in physically-based trailing-edge noise model as proposed by Amiet963
(1976) and Roger & Moreau (2005). The present wall-pressure data compare well with both964
measurements of Jaiswal (2020) and numerical results of Choi & Moin (1990), Na & Moin965
(1998), Spalart (1988), Abe et al. (2005) and Cohen & Gloerfelt (2018) for instance. All966
wall-pressure spectra exhibit a high-frequency range with a −5 slope attributed to the buffer967
layer. The mid-frequency range shows a −1 slope, the width of which slightly increases with968
the Reynolds number. It indicates more prominent contribution from the logarithmic layer969
to wall-pressure fluctuations. The spectra in the APG region exhibit higher levels at low to970
mid-frequency and a faster roll-off at high frequencies, a sign of transfer of energy from high971
to low frequencies consistent with the change of near-wall eddies in the TBL. As previously972
observed, the scalings of wall-pressure spectrum with outer and inner variables to collapse973
the low- and high-frequency range, respectively, applies in the ZPG region only, and not in974
the APG one. For the current strong APG flow, the best scaling variables are found to be𝑈𝑒, 𝛿975
and the wall-pressure r.m.s. (𝑝𝑟𝑚𝑠), or equivalently𝑈𝑍𝑆 , 𝛿∗ and 𝑝𝑟𝑚𝑠. This suggests that the976
Zaragola-Smits velocity might be a relevant velocity scale for all attached TBLs. Moreover,977
this also stresses that, in a strong non-equilibrium turbulent boundary layer typical of low-978
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speed rotating machines as shown here, the overall wall-pressure fluctuations are dominated979
by the large turbulent scales, the contribution of which increases with APG. This also shows980
that the usual friction velocity considered in all previous analytical models of wall-pressure981
spectra is not the proper velocity scale in a flow with strong APG. An alternative pressure982
scale is also found to be the local maximum Reynolds shear stress magnitude, the ratio of983
which with 𝑝𝑟𝑚𝑠 remains almost constant for the whole range of Reynolds number considered984
here, as also found previously by Na & Moin (1998) and Abe (2017) for instance.985

Considering second-order statistics, normalized longitudinal and lateral CSD of wall-986
pressure fluctuations yield consistent results with previous measurements from Schloemer987
(1967), Brooks & Hodgson (1981) and Hu (2021). Streamwise cross-correlations are seen to988
decay rapidly with increasing longitudinal separation when moving downstream, indicating989
shorter coherence in the APG region than in the ZPG one. On the other hand, the decay of990
spanwise coherence with lateral separation is much slower. Moreover, the spanwise coherence991
decays faster with distance than the streamwise one in both ZPG and APG regions for all992
considered frequencies. Both streamwise and spanwise decay coefficients are also found to993
be quite insensitive to Reynolds numbers based on momentum thickness (at least over a994
decade), consistently with the results of Sillero et al. (2014) and Pargal et al. (2022) on995
velocity correlations. Streamwise and spanwise correlations lengths can then be defined996
and compared: in APG, smaller streamwise coherence length and larger spanwise one are997
obtained than in ZPG. Consistently with the trend observed on wall-pressure spectra, APG998
coherence lengths are larger at low frequencies and decay faster at high frequencies. When999
scaled with the outer variables (boundary-layer displacement thickness and Zaragola-Smits1000
velocity) the spanwise coherence lengths—the second key parameter to trailing-edge noise1001
predictions—are seen to better collapse at low and mid frequencies for all positions (both1002
ZPG and APG). On the other hand, the streamwise coherence lengths are found to better1003
scale with inner variables at all locations on the aerofoil suction side.1004

Finally, three different ways of defining the convection velocity in the present highly1005
non-equilibrium turbulent flow have been studied to investigate its dependence on frequency,1006
wavenumber and spatial separation. The results compare favorably with the numerical data of1007
Choi & Moin (1990), Na & Moin (1998) and Cohen & Gloerfelt (2018), and Burton (1973)’s1008
measurements. In the APG region, the convection velocities increase with longitudinal1009
separation and decrease with increasing frequency and wavenumber, whereas in the ZPG1010
region an asymptotic value is found for large separations and frequencies in agreement with1011
previous observation of ZPG TBLs. Moreover, compared to the free-stream velocity, the1012
APG convection velocity is much lower (≈ 0.5𝑈∞) than the ZPG one (≈ 0.8𝑈∞), and its1013
value decreases with increasing Clauser parameter. Both trends on coherence lengths and1014
convection velocity with APG can in turn be related to a change in the TBL structure as the1015
flow moves downstream next to the TE, with larger lifted hairpin-type vortices developing1016
away from the wall. When scaled with the friction velocity 𝑢𝜏 (inner variables), the convection1017
velocity, the third key parameter to trailing-edge noise predictions, is seen to collapse over1018
a large range of frequencies or streamwise wavenumbers for all four positions (both ZPG1019
and APG). This is consistent with the observed scaling of the streamwise correlation length.1020
This study details non-equilibrium APG effects on a boundary layer and provides significant1021
implications for trailing-edge noise modelling.1022
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