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Direct numerical simulations (DNS) of an incompressible turbulent boundary layer on an airfoil (suc-10

tion side) and that on a flat plate are compared to characterize the non-equilibrium turbulence and the11

effect of wall curvature on the flow. The two simulations effectively impose matching streamwise dis-12

tributions of adverse pressure gradient (APG) quantified by the acceleration parameter (K). For the13

airfoil flow, an existing compressible DNS carried out by Wu, Moreau and Sandberg, J. Fluid Mech.,14

868, 584–610 (2019) of the flow around a controlled-diffusion airfoil is used. For the flat-plate flow, a15

separate simulation is carried out with the aim to reproduce the flow in the region of the airfoil bound-16

ary layer with zero to adverse pressure gradients. Comparison between the two cases extracts the effect17

of a mild convex wall curvature on velocity and wall-pressure statistics in the presence of APG. In the18

majority part of the boundary layer development, curvature effect on the flow is masked by that of the19

APG, except for the region with weak pressure gradients or a thick boundary layer where the effect20

of wall curvature appears to interact with that of APG. High-frequency wall-pressure fluctuations are21

also augmented by the wall curvature. Overall, the boundary layers are qualitatively similar with and22

without the wall curvature. This indicates that a flat-plate boundary layer DNS may serve as a low-cost23

surrogate of a boundary layer over airfoil or other objects with mild curvatures to capture important24

flow features to aid modeling efforts.25
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I. INTRODUCTION26

Turbulent boundary layer flows are ubiquitous. Existing physical understandings and models of wall-27

bounded turbulent flows are usually focused on equilibrium flows such as fully developed channels and turbulent28

boundary layers with statistics that are invariant along the streamwise direction1. Yet, most flows encountered29

in realistic applications are non-equilibrium flows, such as those characterized by unsteadiness and streamwise30

varying pressure gradients that are induced by curvature of the wall. Existing turbulence models often yield31

significant uncertainties in predicting flows with large departure from the equilibrium state2–7.32

This work focuses on a type of boundary layers developed on surfaces with mild curvatures, such as airfoils33

in low-speed fan applications. We focus on a subset of non-equilibrium boundary layers—those with streamwise34

varying adverse pressure gradient and convex wall curvature. Typically, the pressure gradients experienced by35

the boundary layer is generated by the wall curvature. The strength of a pressure gradient can be quantified36

by the Clauser parameter8,9, β (x) = (δ ∗/τw)(dP∞/dx), where δ ∗ is the displacement thickness, τw is the wall37

shear stress, dP∞/dx is the freestream pressure gradient and x is streamwise coordinate. For a non-equilibrium38

boundary layer, β varies along the flow direction. Another dimensionless pressure gradient often used is the39

acceleration parameter, K(x) = (ν/U2
∞)(dU∞/dx), where ν is the kinematic viscosity, and U∞ is the streamwise40

freestream velocity.41

The effects of APG on the boundary layer have been widely studied theoretically, experimentally and42

numerically in the past decades10–26. The consensus is that APG leads to reduced wall friction compared to43

that in a zero-pressure-gradient (ZPG) boundary layer, an increase in the outer peak of Reynolds stresses due44

to excitation of large turbulent structures in the outer layer, a stronger wake in the mean velocity profile, and45

augmented sweep events. Na and Moin 14,15 investigated effects of pressure gradient on turbulent boundary46

layer with and without separation using DNS. They found that in addition to the aforementioned effects of47

APG, the two-point correlation of wall-pressure fluctuations is widened in the spanwise direction, and vice-48

versa in the case of favourable pressure gradients (FPG). Moreover, the convection velocity of wall-pressure49

fluctuations, defined based on the space-time correlation of the pressure fluctuations, is extensively reduced50

in the presence of APG. Based on laser doppler anemometer measured statistics of a non-equilibirum APG51

boundary layer, Aubertine and Eaton 19 pointed out that even with mild pressure gradients (with β from 0 to52

2), the boundary layer is non-equilibrium. Harun et al. 12 carried out experiments to understand the effect of53

pressure gradients. They showed that the large-scale structures across the boundary layer are more energized in54

APG boundary layers compared to those with ZPG. Kitsios et al. 17,18 studied equilibrium boundary layers with55

ZPG, mild APG (with β = 1) or strong APG on the verge of separation (with β = 39) based on DNS. They56

found that in APG boundary layers the Reynolds stresses, turbulence production and dissipation rate all exhibit57

an outer-layer peak. Lee and Sung 27 evaluated the effect of APG on turbulent structures, and found that under58

APG, the average spacing of near-wall streaks is increased and the outer region of the boundary layer is filled59

with streamwise aligned vortex packets. Monty, Harun, and Marusic 22 carried out parametric studies for APG60

boundary layers based on measurements using hot-wire anemometry and found that, under approximately the61

same β values, turbulent statistics do not vary significantly even with different Reynolds numbers. But with62

different β values, turbulent statistics vary even with similar Reynolds numbers and acceleration parameters, K.63

The Boundary layer flow statistics are not only affected by the local β (x) value, but also its accumulated64

history prior to that location. This is termed the “history effect” of the pressure gradient20,21,23,24,28. Based65
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on large-eddy simulations (LES) and DNS data on flat plate and airfoils, Bobke et al. 20 and Vinuesa et al. 2466

studied the history effect of β . They showed that, even with matched local β values, turbulent statistics between67

boundary layers can be different, dependent on the flow development prior to that location and the streamwise68

variation of β . This also helps explain boundary layer development on airfoils, as studied by Vinuesa et al. 26,29 .69

The effects of longitudinal convex wall curvature on turbulent boundary layers have already been stud-70

ied19,30–41. Bradshaw 30,31 showed that even a mild convex curvature weakens turbulent diffusion to the outer71

layer. Ramaprian and Shivaprasad 32 showed that a mild convex curvature reduces the Reynolds stresses in the72

outer layer and enhances turbulent kinetic energy distribution to smaller scales. So and Mellor 36 carried out73

experiments with strong convex curvatures; they found that the Reynolds stresses decrease both near the wall74

and in the outer layers. Gillis and Johnston 34 conducted experiments at medium and strong convex curvatures;75

they showed that normalizing the wall-normal distance using the radius of curvature (R) collapses the wall-76

normal Reynolds shear stress profiles. Established understanding of the effects was summarized by Patel and77

Sotiropoulos 38 : with a stronger convex curvature, there is considerable reduction in Reynolds stresses especially78

in the outer region, a decrease in skin friction, increase in the wake in of mean velocity profile, and reduction79

in turbulent diffusion to the outer layer. Most of these existing studies aimed to understand the sensitivity of80

boundary layers to longitudinal convex curvatures, free of the interference of any pressure gradient. Thus the81

pressure gradients were kept minimal in these studies.82

II. OBJECTIVES83

The objective of the present work is to understand the effect of convex curvature in the presence of APG84

that is relevant to low-speed fan applications42,43 (with Reynolds numbers based on the chord length below 106)85

and other applications with radii of surface curvature higher than around 50 times of the local boundary layer86

thickness, such as a highly cambered airfoil close to its separation point in a turbomachinery. The purpose is87

two-fold: one is to enrich the fundamental understanding of non-equilibrium turbulent boundary layers on a88

curved wall, which is present in many engineering applications; the other is to gauge the suitability of using89

flat-plate simulations on individual sides of the airfoil as low cost surrogates of airfoil-flow simulations for90

DNS data collection to aid turbulence and aeroacoustics model44–52 development. To this end, DNS simulations91

of flow over the suction side of a controlled-diffusion (CD) airfoil53 and flow over a flat plate are compared.92

Both flows are subjected to matching streamwise pressure gradient quantified by the acceleration parameter, K.93

Comparison between the two cases isolates the effect of wall curvature.94

The organization of the paper is as follows. The governing equations, numerical methods, parameters and95

solver validation are described in Sec. III. Section IV presents results of the comparison on boundary layer96

development and flow statistics (Sec. IV A to Sec. IV C), as well as characteristics of wall-pressure fluctuations97

(Sec. IV D). Conclusions are provided in Sec. V.98

III. APPROACH99

Data on the CD airfoil flow are available from Wu, Moreau, and Sandberg 53,54 . The distribution of K(x) of100

the boundary layer on the suction side is shown in Fig. 1(a). Along the streamwise direction, the boundary layer101
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图 1. (a) Sketch of the useful streamwise domain of the flat-plate DNS designed to match K(x) of the airfoil boundary layer from

x/c =−0.6 downstream. (b) Simulation domain and boundary conditions used in the flat-plate simulation.

first experiences FPG (K > 0), then ZPG (K ≈ 0) near the mid-chord location and APG (K < 0) downstream.102

A separate DNS of a flat-plate boundary layer is conducted and is described in this section. The simulation is103

designed to match the K(x) distribution of the airfoil flow in the ZPG to APG region only (i.e. from around mid-104

chord, x/c =−0.6, to the trailing edge x/c = 0, where c is the airfoil chord length). In the flat-plate simulation,105

an x axis different from that in the airfoil simulation is used. The start of the useful region (xo) of the flat-plate106

simulation corresponds to x/c =−0.6 location on the airfoil, as shown in Fig 1(a).107

The incompressible flow of a Newtonian fluid is governed by the equations of conservation of mass and108

momentum:109

∂ui

∂xi
= 0, (1)

∂u j

∂ t
+

∂uiu j

∂xi
=− ∂P

∂x j
+ν

∂ 2u j

∂xi∂xi
. (2)

Here, x1, x2 and x3 (or x, y and z) are, respectively, the streamwise, wall-normal and spanwise directions, u1, u2110

and u3 (or u, v and w) are the velocity components in those directions, t is time, P= p/ρ is the modified pressure,111

ρ is the density and ν is the kinematic viscosity. The flat-plate simulation is performed using a well-validated112

code that solves the governing equations (1) and (2) on a staggered grid using second-order, central differences113

for all spatial derivatives, second-order accurate Adams-Bashforth semi-implicit time advancement, and MPI114

parallelization55. An instantaneous flow variable ϕ(x,y,z, t) is decomposed as ϕ = ⟨ϕ⟩(x,y)+ϕ ′(x,y,z, t), where115

⟨·⟩ denotes spatial averaging in z and (·) denotes averaging in time.116

For the flat-plate DNS, the freestream pressure gradient is imposed by prescribing the streamwise-varying117

U∞(x) at the top boundary of the domain (indicated in Fig. 1(b)); the wall-normal freestream velocity V∞(x) is118

obtained based on the conservation of mass56. A fully turbulent boundary layer flow upstream of the useful119

domain is obtained using the recycling/rescaling method of Lund, Wu, and Squires 57 . A convective outflow120

boundary condition58 is used at the outlet and periodic boundary conditions are used in the spanwise direction.121

The domain sizes in x, y and z are 930 θo, 100 θo and 80 θo, respectively. Here, θ(x) =
∫ δ

0 U(x,y)[U∞(x)−122

U(x,y)]dy/U∞(x)2 is the momentum thickness and θo is the θ value at the xo location. δ is calculated based on123

the total pressure method43,53,59. Specifically, the wall-normal profile of mean total pressure at each streamwise124

location, Pt(x,y) = 0.5ρU(x,y)2 +Ps(x,y) (where Pt is the total pressure, Ps is the mean static pressure, and125
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图 2. Validation of boundary layer simulations. (a) Skin friction coefficient comparison between present test case ( ) and

ZPG boundary layer DNS of Schlatter and Örlü 60 (◦); (b) Skin friction comparison between present test case ( ) and APG

boundary layer DNS data of Na and Moin 14 (◦). (c,d) Comparisons of streamwise mean velocity ( ) with Na and Moin14

(◦): (c) before detachment (x/δ ∗ = 100, 115, 130 and 145 in arrow direction) and (d) after reattachment (x/δ ∗ = 270, 285, 300

and 330 in arrow direction).

U ≡ ⟨u⟩) is calculated; the wall-normal location at which Pt reaches 95% of its maximum value is defined as126

the edge of the boundary layer. The streamwise length of the recycling/rescaling region is 75 θo. The xo is127

located at 150 θo downstream from the most upstream location of the domain. The pressure gradient is applied128

starting from xo for 400 θo downstream, up to the corresponding trailing-edge location of the airfoil. Uniform129

grids are used in x and z, while in y the grid is refined near the wall. The x and z grid sizes in wall units are130

∆x+ ∈ [4,10] and ∆z+ ∈ [2,5]. In y, the smallest grid size (at the wall) for each x is ∆y+min ∈ [0.06,0.15]. The u′131

two-point correlation at a spanwise separation of half the spanwise domain size is less than 0.1, indicating that132

the spanwise domain size is sufficiently large. The total number of grid points are 1536, 200 and 256 in x, y and133

z directions, respectively. The total averaging time for simulation is T ≈ 3000θo/Uo. The Reynolds numbers134

based on the momentum thickness (Reθ ) at the xo locations are 320 in both cases.135

The fluid solver was validated by running a ZPG flat-plate boundary layer simulation and comparing it with136
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图 3. Comparison between airfoil ( ) and flat-plate cases ( ) at the inlet of the boundary layer flow (or x/c = −0.6

location on the airfoil): (a) streamwise mean velocity and (b) Reynolds stresses normalized by inner units. ◦ Spalart 61 data at a

similar Reθ .

the results of Schlatter and Örlü 60 with similar Reynolds numbers. The comparison of skin friction C f (x) =137

2τw/ρU2
∞ shows excellent agreement in Fig. 2(a). To validate the prescription of the mean pressure gradient138

at the top boundary, another DNS was carried out to reproduce the results of a separating boundary-layer flow139

conducted by Na and Moin 14 . Very good agreement in C f is shown in Fig. 2(b), and in the mean velocity140

profiles before and after the boundary layer separation, as shown in Figs. 2(c) and (d) respectively.141

IV. RESULTS142

A. Statistics at the inlet of flat-plate boundary layer143

From here on, the xo location at the airfoil is set as x= 0 (and called the “inlet”) for the flat-plate simulation.144

Before comparing the developments of the flat-plate boundary layers and the airfoil one in the APG region, the145

extent to which the flat-plate boundary layer inlet represents the airfoil boundary at x/c =−0.6 is evaluated in146

this section. Both single-point and two-point statistics are compared between the flow at x = 0 for the flat-plate147

boundary layer and the flow at x/c =−0.6 for the airfoil boundary layer.148

6



图 4. Comparison (at xo) of two-point correlations of u′ in x-y plane centered at (a) y/δ = 0.1 and (b) y/δ = 0.8, at the inlet of the

boundary layer flow: airfoil case; flat-plate case. Contour levels are 0.05, 0.15, 0.25, and 0.35.

In Fig. 3, the comparisons of the streamwise mean velocity and the Reynolds stresses are shown, together149

with the results of a ZPG boundary layer simulation by Spalart 61 at a similar Reynolds number of Reθ ≈ 300.150

The profiles of all cases match very well. The mean velocity profile in the airfoil simulation is slightly lower in151

the outer region, which is probably due to the FPG imposed upstream of this x location because of the airfoil152

curvature. The friction coefficient is approximately 5 percent higher in the airfoil case, consistent with the153

difference in the U+
∞ value shown in Fig. 3(a). For the root-mean-square (r.m.s.) velocities and Reynolds shear154

stress, the differences between the three cases are within 5 percent.155

Next, the structural characteristics of the two cases are compared using two point velocity correlations, Ruu,156

which is defined as157

Ruu(rx,ry,yref) = ⟨u′(x,yref,z, t)u′(x+ rx,yref + ry,z, t)⟩/⟨u′2⟩(yref), (3)
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图 5. Comparison (at xo) of two-point correlations of (a,c) u′ and (b,d) v′ in x-z plane at (a,b) y/δ = 0.1 and (c,d) y/δ = 0.8 for

airfoil (top half) and flat-plate (bottom half) cases. Positive contour levels from 0.05 to 0.9 with a step size of 0.05;

negative contour levels of -0.01,-0.05, -0.1 and -0.15.

where rxi is the separation in xi direction and yref is the elevation at which the correlation is centered. In158

Figs. 4 and 5, the two-point correlations of u′ and v′ in x-y and x-z planes are compared, centered near (y/δ = 0.1)159

and away (y/δ = 0.8) from the wall.160

First, the x-y contour lines of the auto-correlations of u′ centered at a near-wall and an outer elevations are161

shown in Figs. 4(a) and (b) respectively. In Fig. 4(a), the spatial extent and shape of the contour lines represent162

the size and shape of the coherent structures of u′. These characteristics agree well across the cases. At a low163

correlation level of 0.05, the overall length of structures vary between 6 to 8δ for all cases. But at correlation164

levels higher than 0.15, all of the cases lie in close proximity. The correlation centered at y = 0.8δ (Fig. 4(b))165

shows velocity correlation across the boundary layer. Some differences are observed in correlations outside166

boundary layer (in the region y/δ > 1), which could be due to the difference in the top boundary condition167

between the two cases.168

The correlations of u′ and v′ in the x-z plane at y = 0.1δ and 0.8δ are shown next in Fig. 5. The region169

of positive auto-correlation of u′ shows the extents in x and z of near-wall low-speed streaks. The extent is170

larger on the airfoil than on the flat plate, which is due to the FPG region in the airfoil boundary layer prior171

to x/c = −0.6. It is known that FPG stabilizes near-wall coherent motions associated with a lower bursting172

frequency and, consequently, leads to elongated near-wall streaks21,56,62,63. Similar observations are made for173
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图 6. Developments of the acceleration parameter (a) and the mean wall pressure (b) along the stream-wise direction:

flat-plate case, airfoil case. Po and Uo are the mean wall pressure and free stream velocity at xo location.

the v′ auto-correlation. These results are overall consistent with the observations made by Sillero, Jiménez,174

and Moser 64 for a flat-plate ZPG boundary layer with Reθ ranging from 2780 to 6680, indicating that velocity175

correlations are weakly sensitive to the Reynolds number.176

These results demonstrate that the boundary layer over the airfoil is fully turbulent at x/c = −0.6, after177

the laminar separation bubble at the leading edge and the subsequent transition to turbulence. The comparison178

also provides confidence that the inlet state of the flat-plate flow essentially matches that in the airfoil boundary179

layer at x/c = −0.6. The developments of the two boundary layers from this streamwise location downstream180

are compared in the next section.181

B. Boundary layer development182

Figure 6(a) shows the distributions of the acceleration parameter K(x) that are designed to match between183

the two cases. Note that K(x) is calculated at the edge of the boundary layer, y/δ (x) = 1. The streamwise184

variations of the mean pressure at the wall in the two cases also match very well, as shown in Fig. 6(b). This185

justifies the setup of the present comparison; any significant difference in the boundary layer development186

between the two cases would be a result of the additional wall curvature in the airfoil case.187

First, the streamwise variations of the strengths of wall curvature and APG are evaluated. The strength of188

wall curvature can be quantified by the ratio between the boundary layer thickness and the radius of curvature;189

it is shown in Fig. 7(a). The increasing δ/R along x toward the trailing edge indicates that curvature effects are190

strengthened along the streamwise direction30,34,35,38; this is predominantly due to the growth of the boundary191

layer. The δ/R ratios in the airfoil case fall in the range from small30,31 to mild32,33 values (δ/R < 0.05) as192

discussed in Patel and Sotiropoulos 38 .193

Next, the Clauser parameter (Fig. 7(b)) shows an increase along x in both cases. As β is obtained as194

the pressure gradient normalized using uτ , an increase of β (x) along x suggests that the mean pressure force195

relative to near-wall forces becomes stronger with increasing x. The β values are similar between the two cases196

throughout most part of the boundary layer. Near the trailing edge, however, β is higher in the airfoil case,197

despite matching K(x) and wall-pressure gradient between the two cases; this is due to the lower wall friction198

in the airfoil case near the trailing edge as discussed next.199

The displacement thickness normalized by the momentum thickness at the inlet, δ ∗(x)/θo, and the wall200

friction coefficient are compared in Figs. 7(c) and 7(d), respectively. The overall variation of δ ∗(x) matches201
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图 7. Streamwise developments of the ratio between boundary layer thickness and radius of curvature (a), Clauser parameter

(b), displacement thickness (c), and skin friction coefficient normalized by its value at x0 (d), for the airfoil ( ) and flat-plate

( ) cases.

well between the two cases, except for the region near the trailing edge where it increases faster in the airfoil202

case, which is most likely an APG effect due to the augmented β values along x. The comparison of C f (x)203

normalized by their respective values at xo shows a faster reduction of wall friction in the airfoil flow than the204

flat-plate one in two regions: x/θ0 < 150 (where β < 1, i.e., weak-APG region) and x/θ0 > 290 (where β > 6,205

i.e., strong-APG region). In the weak-APG region, the lower C f in the airfoil case is probably a manifestation206

of the effect of wall curvature observed in the past for ZPG flows 30,34,35,38. In the strong-APG region near the207

trailing edge the lower C f in the airfoil case may be due to the strengthened curvature effect (i.e., high δ/R ratio)208

in this region with a thickened boundary layer. The higher displacement thickness and lower C f in the airfoil209

trailing edge region compared to the flat-plate case may also be due to the abrupt change in boundary conditions210

at the trailing edge and the airfoil wake generation downstream65, affecting boundary layer growth immediately211

upstream of the trailing edge. Yet, for most part the flow δ ∗ and C f are similar between the two cases.212

C. Mean streamwise velocity and turbulent statistics213

Figure 8 compares wall-normal profiles of the streamwise mean velocity and turbulent statistics at different214

stations along the streamwise direction. These locations are marked alongside the streamwise variation of β in215
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图 8. Variation of (a) Clauser parameter showing streamwise locations at which comparisons are made. Flow statistics comparisons

between the airfoil ( ) and flat-plate ( ) cases at these locations: (b) velocity profile, (c) streamwise r.m.s. velocity, (d)

wall-normal r.m.s. velocity, and (e) Reynolds shear stress, all normalized in wall units. Comparison is shown at five streamwise

locations: x/θo = 25, 75, 175, 250, 325, and 350, represented by lines with increasing thickness.

Fig. 8(a). The flow statistics are normalized by uτ . The variations of the mean velocities (Fig. 8(b)) and Reynolds216

stresses (Fig. 8(c,d,e)) are overall similar throughout the boundary layer development between the two cases.217

Specifically, the wake of the mean velocity becomes intensified due to the imposed APG. The Reynolds stresses218

normalized by uτ are augmented throughout the boundary layer, associated with the decrease of wall friction.219

For the r.m.s. velocity urms, a prominent outer peak appears at the most downstream station due to the strong220

APG. The augmentations of the r.m.s. velocity vrms and the Reynolds shear stress in the outer layer are also221

evident.222

The blue overall agreement between the profiles in both cases up to around x/θo = 325 suggests that for the223

majority part of the flow the curvature effect (though increasingly strengthened as the boundary layer develops)224

is masked by the APG effect without significant modification of turbulence statistics. the low-APG region225

(x/θo < 175), A slightly lower outer-layer Reynolds shear stress magnitude is observed in the airfoil case than226

in the flat-plate case as shown in Fig. 8(e). This is consistent with previously observed effect of curvature in227

11



ZPG flows19,30–41. The main differences between the two cases are seen in the strong APG region at x/θo = 350.228

Specifically, the airfoil case yields a noticeably stronger velocity wake, as well as higher outer-layer turbulence229

intensities and Reynolds shear stress magnitude, compared to the flat-plate case. These phenomena suggest230

an effectively stronger APG present in the airfoil flow, consistent with the higher β at x/θo = 350 than in the231

flat-plate case as shown in Fig 8(a). It is therefore inferred that β is more appropriate than K as an indicator for232

the extent to which the turbulence statistics are affected by freestream pressure gradients.233

These results above indicate that the airfoil boundary layer is overall similar to a flat-plate boundary layer234

subjected to the same pressure gradients. The increased airfoil curvature or trailing edge effects65 for x/θo > 300,235

appears to quantitatively modify the boundary layer turbulence statistics by modulating β .236

D. Wall-pressure statistics237

In aeroacoustics models used to predict far-field noise generated by the flow past an airfoil, the wall-238

pressure statistics (such as the power spectral density (PSD) and the streamwise and spanwise correlations239

of wall-pressure fluctuations) provide the main input parameters to predict far-field noise generated by the240

boundary layer. In this section, wall-pressure statistics between the airfoil and flat-plate cases are compared to241

pinpoint the curvature effects on wall-pressure statistics.242

Figure 9(a) compares the streamwise variation of the wall-pressure r.m.s. An overall match is seen between243

the cases till x/θo ≈ 300. Further downstream, more intense wall-pressure fluctuations are observed for the244

airfoil case, again consistent with the effect of an effectively stronger APG15,66,67.245

The power spectral densities of wall-pressure fluctuations, ΦPP, are calculated using fast Fourier transform246

with the Welch periodogram technique and Hanning window with zero padding, at three streamwise locations247

of the flat-plate case: x/θo = 0, 290 and 340. These x locations correspond to the following sensor locations in248

the airfoil case53, respectively: sensor 7 (in the ZPG region) and sensors 21 and 24 (both in the APG region).249

Figure 9(b) compares the airfoil and flat-plate cases at x/θo = 0. At very high frequencies f (i.e., 10 kHz),250

the PSD levels are slightly lower in the flat-plate case, but an overall match is observed for the majority of the251

frequency range. This suggests that any effect of the history of airfoil boundary layer prior to the flat-plate inlet252

location is minimal on the wall-pressure spectrum.253

In Fig. 9(c), the PSDs are compared at x/θo = 290. At this x location the β values are similar between254

the two cases (Fig. 7(b)). The PSD levels in both cases overlap in the low- and mid-frequency ranges. But255

for frequency higher than 7000 Hz, a faster drop of PSD level with increasing frequencies is observed for the256

flat-plate case. Thus the effect of convex curvature on wall-pressure PSD appears to be an augmentation of257

high-frequency contents.258

At x/θo = 340 near the trailing edge shown in Fig. 9(d), a faster drop in high-frequency levels with in-259

creasing frequency is again seen for the flat-plate case, for a wider range of frequencies starting from 4000 Hz.260

Such a difference in a wider range of the frequency spectrum than at upstream x locations is expected as the261

wall-pressure r.m.s. are significantly different, higher in the airfoil case, at this location (Fig. 9(a)). In addition,262

the spectrum in the airfoil case displays a local peak at high frequencies between 10 kHz and 20 kHz, which is263

likely acoustic and caused by the extra noise source in the airfoil wake as seen in the compressible DNS studies264

of Wu, Moreau, and Sandberg 54 . Such an acoustic hump at high frequency is not observed in the flat-plate case265
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图 9. (a) Variation of r.m.s. wall-pressure fluctuations in airfoil ( ) and flat-plate ( ) cases. Vertical dotted lines indicate

x locations used for comparison in (b,c,d), associated with sensors 7, 21, 24 on airfoil53. Power spectral density of wall-pressure

fluctuations at (b) x/θo = 0, (c) x/θo = 290, and (d) x/θo = 340. In (b-d), vertical lines indicate the frequency at which the

difference between both cases is at around 5 percent.

for which an incompressible solver is used.266

The spanwise coherence of wall-pressure fluctuations at each frequency can be quantified using the span-267

wise coherence function67,68, γ2, defined as:268

γ2(x,rz; f ) =
|ΨPP(x,rz; f )|2

ΦPP(x, f )2 , (4)

where ΨPP is the cross spectral density of wall-pressure fluctuations at any two spanwise locations at a given x:269

ΨPP(x,rz; f ) =
1

2π

⟨∫ ∞

−∞
P′(x,0,z, t)P′(x,0,z+ rz, t + τ)exp(−i2π f τ)dτ

⟩
, (5)

τ is a time separation, and rz is the spanwise separation between the two points.270

Figure 10 compares the spanwise coherence of wall-pressure fluctuations at x/θo = 0 and 290 on the airfoil.271

At x/θo = 0 (Fig. 10(a,b)), the coherence distribution is approximately uniform at all frequency levels. This is272

seen for both flat-plate and airfoil cases. At x/θo = 290 (Fig. 10(c,d)), the spanwise coherence is significantly273

widened at frequencies lower than 3000 Hz for both cases. This increase in coherence for wall-pressure statistics274

due to APG is consistent with previous observations of Na and Moin 14,15 .275

The spanwise coherence at two specific frequencies of 1500 Hz and 4500 Hz are quantitatively compared in276

Fig. 11 at the two x locations. For both cases, a faster decrease in coherence with a larger spanwise separation is277
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图 10. (a) Variation of Clauser parameter showing two x locations for comparison in (b-e). Spanwise coherence function for airfoil

(b,d) and flat-plate (c,e) cases at x/θo = 0 (b,c) and 290 (d,e).

observed for 1500 Hz than for 4500 Hz, at both x locations. This is consistent with the overall shorter spanwise278

coherence extent at the lower frequency as shown in Fig. 10. One difference between the two cases is the279

consistently shorter spanwise coherence for different frequencies in the airfoil case at the ZPG location of the280

airfoil (x/θo = 0). This is thought to be an history effect of the upstream FPG in this case. Na and Moin 14,15281

also observed that FPG leads to a decrease in wall-pressure correlations with spanwise separations. In addition,282

a shorter coherence is seen for the airfoil case than the flat-plate one for the lower frequency at x/θo = 290. This283

could indicate that the convex wall curvature reduces the spanwise coherence of wall-pressure fluctuations at284

low frequencies. Another possible explanation is that the difference seen in the ZPG region is inherited by the285

flow and still present at this downstream location.286
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图 11. Zoomed-in plots showing spanwise coherence function at x/θo = 0 (a) and 290 (b) in airfoil (top) and flat-plate (bottom)

cases. Vertical lines indicate the frequencies (1500 Hz and 4500 Hz) at which the coherence function is plotted in (c,d). Variation

of spanwise coherence function with spanwise separation at x/θo = 0 (c) and 290 (d) for 1500 Hz ( ) and 4500 Hz ( ),

in airfoil (red) and flat-plate (black) cases.

V. CONCLUSIONS287

This study characterizes the effect of wall curvature in the presence of APG, in a setup designed to approx-288

imate typical flows on the suction side of a fan blade with a CD airfoil. To this end, flow statistics are compared289

between two DNS simulations of turbulent boundary layers over a flat plate and an airfoil with matching ac-290

celeration parameter, K(x), in the ZPG to APG region of the boundary layer. At the “inlet” of the flat-plate291

simulation (located in the ZPG region of the boundary layer), the single-point statistics of velocity and wall292

pressure match well between the two cases. However, two-point statistics display quantitative differences in the293

extents of spatial coherences of velocity and wall pressure that are attributed to the history of upstream FPG294

flow in the airfoil case, absent in the flat-plate simulation.295

As the boundary layer develops, the strength of pressure gradient relative to near-wall forces (measured296

by the Clauser parameter, β ) and the strength of wall curvature (measured by δ/R) are both intensified. In the297

majority part of the boundary layer development, curvature effect on the flow appears to be masked by that of298

the APG. A few exceptions include the following. Far from the trailing edge (where the pressure gradient is299

relatively weak), the skin friction is lower in the airfoil case, consistent with the curvature effect observed in300

ZPG flows in the literature. In addition, near the trailing edge the outer-layer Reynolds stresses in the airfoil301

case is stronger than those in the flat-plate case, opposite from the expectation in a ZPG flow as found in past302
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studies. This suggests that, there, the APG effect (on augmenting outer-layer Reynolds stresses) is amplified303

and it dominates that of the curvature. Such an amplified APG effect in the airfoil case is consistent with the304

higher local β values than in the flat-plate case, suggesting that β is more appropriate than K as an indicator for305

the extent to which the turbulence statistics are affected by the mean pressure gradients. This higher β in the306

airfoil case may be attributed to the effect of curvature in reducing wall friction. As a result, one may conclude307

that in flows where pressure gradients are present the convex wall curvature indirectly augments the effect of308

pressure gradients on the boundary layer.309

The statistical differences in wall-pressure fluctuations between the two cases are also quantified. The wall-310

pressure r.m.s. are more intense in the airfoil case approaching the trailing edge, which could be attributed to the311

higher β . In addition, the wall curvature appears to augment high-frequency fluctuations of the wall pressure.312

Thirdly, at the ZPG location the airfoil case gives more limited spanwise coherence of wall-pressure fluctuations313

at a wide range of frequencies due to the upstream FPG flow. Such a difference in coherence persists throughout314

the boundary layer development.315

Other factors beside the wall curvature are also expected to contribute to the differences between the results316

of the two DNS simulations, mainly in the region close to the trailing edge. First, the lower wall friction and317

thicker boundary layer near the trailing edge in the airfoil case may also (at least partially) be attributed to318

trailing-edge effects65, which are absent in the flat-plate simulation as the trailing edge is not simulated. In319

addition, the incompressible solver in the flat-plate simulation do not resolve acoustic fluctuations. This is320

probably the reason of the lack of a high-frequency hump in the wall-pressure spectra near the trailing edge,321

which is believed to originate from noise source in the airfoil wake69.322

The results demonstrate the modulation of APG effects on the flow by a convex wall. Overall, the boundary323

layer development, turbulence statistics and wall-pressure statistics are qualitatively similar with and without the324

wall curvature. This indicates that incompressible flat-plate boundary layer simulations similar to the present325

one can serve as low-cost surrogates of flows past an airfoil or other objects with mild curvatures to capture326

essential features of the developing boundary layer, for the purpose of turbulence and aeroacoustics models327

development. In other words, incompressible flat-plate boundary layers may be used to construct numerical328

databases used for modeling development, instead of using more expensive airfoil boundary layer simulations,329

as they reproduce key flow dynamics in a boundary layer developing on a curved airfoil blade.330
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