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Engineering models of rough-wall turbulent flows rely on reduced model of the near-wall1

layer of flow modified by roughness (i.e. the roughness sublayer) to provide boundary2

conditions to the flow above. Understanding sublayer response to pressure gradients and3

the pressure gradient history is crucial for developing physics-based turbulence closures.4

This work examines characteristics of the roughness sublayer using roughness-resolved5

simulation data of two flat-plate boundary layers: one direct numerical simulation with6

strong non-equilibrium favorable pressure gradients (Yuan and Piomelli, J. Fluid Mech.7

780:192-214, 2015) and a large-eddy simulation with a suction-blowing freestream that8

induces both adverse and favorable pressure gradients. The sublayer thickness yR is found9

to be constant in attached-flow regions, regardless of pressure gradients. When using a10

set of sublayer scales (UR, yR) for normalization (where UR is the local streamwise11

mean velocity at the elevation yR), an overall self-similarity is observed for the total12

drag, mean velocity, and dispersive stresses inside the sublayer, suggesting that the time-13

mean flow is in quasi-equilibrium despite varying pressure gradients. For the Reynolds14

stress profiles, self-similarity under the present normalization is not present in general,15

but the Reynolds stress anisotropy appears to satisfy the weak-equilibrium condition.16

The observed invariance properties of the roughness sublayer flow indicate potential for17

extending existing sublayer-unresolved turbulence models to rough-wall non-equilibrium18

flows and provide a way to assess existing roughness treatments in turbulence models.19

Key words:20

1. Introduction21

Surface roughness is present across a wide range of applications. In predictive en-22

gineering models of turbulent flows, such as Reynolds-averaged Navier-Stokes (RANS)23

models and wall-modeled large-eddy simulations (WMLES), roughness is usually not24

resolved, but instead its gross effects on the mean velocity and stresses are modeled.25

In such approaches, the roughness sublayer (RSL)—the layer where the mean flow is26

dynamically affected by roughness—is ignored. Instead, often the hydrodynamic drag27

of roughness (an integral of the total drag generated inside the RSL) and turbulence28

properties (turbulence scales and Reynolds stresses, etc.) at the edge of the sublayer are29

used as boundary conditions of the layer above.30

Since most surfaces are neither flat nor perfectly aligned with the freestream, pressure31

gradients are usually present in real flows and are often non-equilibrium. Here, the32
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definition used by Klewicki et al. (2024) for equilibrium flows is adopted: these are self-33

preserving flows where the various statistical profiles admit an invariant representation34

under normalizations that properly employ locally defined characteristic scales. Volino35

et al. (2022, 2024) and Klewicki et al. (2024) provided recent reviews on experimental and36

numerical observations, analytical development, and modeling efforts on non-equilibrium37

turbulent boundary layers on smooth or rough walls. Main features of non-equilibrium38

flows include departure of the mean velocity profile from the equilibrium state (e.g. the39

canonical logarithmic mean velocity) and the effects of both the pressure gradient and its40

history on turbulence fluctuations. With the distance from the wall scaling shown to still41

hold in pressure gradient flows (Romero et al. 2022a), the departure from the logarithmic42

profile may be due to the change in the velocity scale across the boundary layer (Romero43

et al. 2023). Roughness tends to promote faster turbulence response compared to that44

on a smooth wall in an FPG (favorable pressure gradient) flow. Outer layer similarity45

appears to hold in pressure gradient flows under some conditions including FPG flows or46

APG (adverse pressure gradient) flows with matching history (Volino & Schultz 2023).47

The same study showed that the sandgrain roughness height ks (determined from local48

logarithmic mean velocity profiles) appears invariant with pressure gradients.49

Non-equilibrium boundary layers over rough walls have been modeled using RANS50

(e.g., Yuan et al. 2014; Dutta et al. 2016). While RANS simulations successfully captured51

the overall flow evolution, they struggle with accurately reproducing non-equilibrium flow52

behaviors. For example, in a flat-plate FPG flows the hydrodynamic drag was significantly53

under-predicted by RANS Volino et al. (2024). In a flat-plate suction-blowing boundary54

layer that involves separation, RANS did not accurately capture the wall friction near55

the separation point as the roughness sublayer, in which the flow reversal occurs ahead56

of the location of streamline separation, is not resolved in the model (Dutta et al. 2016).57

In addition, different roughness treatments lead to significantly different predictions of58

the flow with the same ks (Volino et al. 2024; Yuan et al. 2014). Existing roughness59

treatments prescribe U(y) or turbulence quantities at the rough-wall boundary (either60

by directly setting the value or by indirectly shifting wall-normal statistical profiles by61

an offset) as functions of ks, treated as a constitutive property of that surface. Examples62

include the ks-based RANS model modifications of Wilcox (2006) and Aupoix & Spalart63

(2003), the discrete element method (e.g. Taylor et al. 1985), and the composite sublayer64

U(y) profile model of Brereton et al. (2021). When applied in non-equilibrium flows,65

these treatments effectively assume that the modeled roughness effect maintains the66

equilibrium condition locally. The global effect of the unresolved RSL on the outer-layer67

velocity and stresses are assumed to stay unchanged as in an equilibrium flow. Despite68

recent focus on rough-wall non-equilibrium boundary layers (e.g. Volino & Schultz 2023;69

Vishwanathan et al. 2023), the major focus is not on obtaining well-resolved statistics70

in the RSL. It is unclear how the sublayer flow, characterized by its thickness, drag71

generation and velocity statistics, depends on the streamwise pressure gradient and its72

history.73

Most past studies resolving the RSL focused on equilibrium wall-bounded flows, such74

as flat-plate boundary layers under zero-pressure gradients (ZPG) or fully-developed75

channel flows. Mangavelli & Yuan (2023) and Mangavelli et al. (2021) analyzed direct76

numerical simulations (DNS) of transient half-channel flows on rough walls, as they77

undergo non-equilibrium response to a step acceleration of the bulk velocity. Notably,78

they observed that the friction velocity uτ (t) scales with the mean velocity at the edge79

of the RSL, UR(t), and not on the bulk velocity. In addition, the wake kinetic energy80

(WKE) accelerates at the pace of U2
R(x), while the turbulence kinetic energy (TKE) lags81

behind. These findings are similar to the observations of Yuan & Piomelli (2015) on a82
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Figure 1. Boundary layer development: (a) FPG case and (b) suction-blowing case. Contour
shows u′ intensity. Boxes mark attached-flow regions examined in this work.

spatially developing flat-plate boundary layer under non-equilibrium FPGs on a rough83

wall. The results indicated that the drag coefficient of the roughness may be invariant84

in non-equilibrium accelerated flow when normalized appropriately, which is potentially85

useful in rough-wall turbulence modeling. In addition, although a small number of studies86

were carried out focusing on the RSL in non-equilibrium accelerating flow, few studies87

are available on decelerating ones.88

The objective of this work is to characterize the RSL flow in non-equilibrium FPG and89

APG boundary layers. This study focuses on extracting self-similar or invariant properties90

of statistical flow quantities inside the RSL. Simulation data include an existing DNS91

of an FPG flow (i.e. the FPG case, Yuan & Piomelli 2015) and the data of a new LES92

simulation of separating boundary layer under a suction then blowing freestream (the93

“suction-blowing” case). The latter is subjected to strong APGs that lead to boundary94

layer separation, followed by an FPG region to force reattachment. The analyses focus95

on the attached flow regions.96

2. Problem formulation97

This study utilizes data from two different simulations of rough-wall boundary layers:98

an existing DNS of an FPG flow (Yuan & Piomelli 2015) and a new LES of a suction-99

blowing boundary layer conducted for this study. Figure 1 shows the evolution of the100

boundary layer in both cases based on the intensity of the streamwise Reynolds stress101

(with the notations introduced in this section below). In the suction-blowing case, a102

separation bubble is formed.103

For both simulations, the incompressible flow of a Newtonian fluid is governed by the104

equations of conservation of mass and momentum:105

∂ui

∂xi
= 0, (2.1)

∂uj

∂t
+

∂uiuj

∂xi
= − ∂P

∂xj
− ∂τij

∂xi
+ ν∇2uj + f IB

j , (2.2)

where x1, x2 and x3 (or x, y and z) are, respectively, the streamwise, wall-normal and106

spanwise directions, and uj (or u, v and w) are the filtered velocity components in107

those directions; P = p/ρ is the modified pressure, ρ the density and ν the kinematic108

viscosity. The term f IB
j in Equation 2.2 is a body force of the immersed boundary109

method (Yuan & Piomelli 2014b) used to impose non-slip, non-penetration boundary110

conditions at the roughness surface. For our LES simulation (suction-blowing case), the111

sub-filter stress τij is modeled using a dynamic eddy-viscosity model (Germano et al.112

1991) based on the Lagrangian-averaging procedure, while for the DNS data (FPG113
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Cases Flow parameters Grid points Resolution Domain

FPG Reθ = 612–1787, (ni, nj , nk) = ∆x+ = 10–21, (Lx, Ly, Lz)/θo =
(DNS) kt/δ = 0.05–0.11, (4608, 270, 512), ∆y+

min = 0.2–0.7, (1203, 54, 54)
k+
t = 34–119. (Ni, Nk) = (5–8, 10). ∆z+ = 5–14.

Suction-blowing Reθ = 1924–8315, (ni, nj , nk) = ∆x+ = 20–35, (Lx, Ly, Lz)/θo =
(LES) kt/δo = 0.13, (2560, 704, 384), ∆y+

min = 0.3–0.6, (720, 86, 75)
k+
t,o = 132. (Ni, Nk) = (13, 19). ∆z+ = 15–24.

Table 1. Simulation parameters for the existing FPG case (Yuan & Piomelli 2015) and the new
suction-blowing case. ni, nj and nk are the total numbers of grid points in x, y and z; (Ni, Nk)
are the numbers of grid points per roughness element in x and z directions; ∆x+, ∆y+

min and
∆z+ are the grid spacings in wall units, in x, y (minimal value) and z; (Lx, Ly, Lz) are the
domain dimensions.

case) this term is zero. The governing equations are solved on a staggered grid using114

second-order central differences for all terms and second-order Adams-Bashforth semi-115

implicit time advancement. Double averaging is performed; (·) and ⟨·⟩ represent time116

averaging and intrinsic plane averaging, respectively. (̃·) and (·)′ represent form-induced117

and turbulent fluctuations.118

For both cases, the inlet turbulence is generated by the recycling and rescaling method119

(Lund et al. 1998) in the region upstream of x/θo = 0; a convective boundary condition120

(Orlanski 1976) is used at the exit. Periodic boundary conditions are applied at the121

spanwise (z) direction. The reference location (i.e. the location where x is zero) is taken122

as the location where the rough-wall ZPG flow is fully developed; this reference location123

is the start of the useful region. The momentum thickness (θ) and boundary layer edge124

velocity (Ue) at the reference location (i.e. θo and Ue,o, respectively, where the subscript125

o represents the value at the reference location) are used as the reference length and126

velocity scales. The two x boundary conditions are imposed on a smooth-wall flow. To127

prevent a long distance of flow adjustment from an abrupt smooth-to-rough transition,128

the size of roughness elements is varied gradually (while keeping the same aspect ratio)129

during the transition before and after the useful region with roughness, in a way similar130

to Wu & Piomelli (2018). It is verified that a fully developed rough-wall flow is achieved131

at x/θo = 0. Table 1 lists the set-up parameters of both cases. The two cases are discussed132

in detail as follows.133

The FPG case is a DNS simulation with Reθ = θUe/ν from around 600 to 850 from134

Yuan & Piomelli (2015). At the reference location (x/θo = 0), Reθ = 612 and Reτ =135

δuτ/ν = 311 (where δ is the boundary layer thickness, calculated based on a threshold136

of the local ratio ⟨u′2⟩1/2/U = 0.03 and is shown in Figure 1(a)). A sandgrain roughness137

consisting of densely distributed, randomly rotated ellipsoids (Yuan & Piomelli 2014b)138

is imposed on the wall (see Figure 1(a)), with the roughness peak-to-trough height kt139

up to 0.11δ. An almost three-fold acceleration of streamwise freestream velocity U∞(x)140

is imposed at the top boundary from x/θo = 0 to the end of the useful domain at141

x/θo ≈ 750. More details of the simulation are available from Yuan & Piomelli (2015).142

The set-up of the suction-blowing boundary layer is similar to that of Wu & Piomelli143

(2018). A suction-blowing distribution of wall-normal velocity V∞(x) is imposed on144

the top boundary to generate APG and downstream FPG regions in the boundary145
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layer. At the reference location, Reθ = 1924 and Reτ = 1034. The resolution ∆x+
i is146

comparable to existing LES studies of rough-wall flows (Wu & Piomelli 2018; Yuan &147

Piomelli 2014a). Here, superscript + indicates normalization in wall units (uτ =
√
τw/ρ148

and ν/uτ , where τw is the wall shear stress). The domain size is comparable to that149

of Wu & Piomelli (2018) which imposed a similar mean pressure gradient profile. On150

the bottom wall, a roughness different from the random sandgrains of Wu & Piomelli151

(2018) is used. A three-dimensional harmonic roughness (see Figure 1(b)) is imposed as152

h(x, z) = (kt/2) cos[(2π/λ)x] cos[(2π/λ)z] + kt/2, where h is the local elevation of rough153

surface measured from the roughness trough, which is taken as y = 0. The roughness154

wavelength is given by λ = kt/0.28. The roughness geometry corresponds to Case 60 424155

of Chan et al. (2015). The use of a regular roughness allows performing local phase156

averaging to study the detailed flow pattern inside the RSL methodologically. Such157

analysis is not presented here. However, this choice of roughness geometry does not158

affect the current RSL characterization. The roughness height kt/δ = 0.13 at x/θo = 0159

and decreases along x, to around 0.04 in the reattached boundary layer. The useful flow160

domain is between x/θo = 0 and 500.161

The discussion of results is focused on the attached flow regions highlighted in Figure 1:162

x/θo ∈ [0, 90] and x/θo ∈ [360, 500] for the suction-blowing flow and x/θo ∈ [0, 750] for163

the FPG flow. The x/θo bounds are selected where boundary effects from roughness164

transitions at inlet and outlet are negligible. Despite different geometries and pressure165

gradient histories, both cases provide suitable data for RSL behavior in non-equilibrium166

flows due to their strong bidirectional pressure gradients. However, due to these dif-167

ferences between the case set-up, the focus of results discussion will be on comparing168

trends, instead of values, between the two cases. To provide further quantitative insights169

to the effect of pressure gradients, future work would need to focus on flows with the170

same roughness geometry and systematically prescribed pressure gradient history (or171

equilibrium flows). This work is a first step toward this goal, by focusing on invariant172

properties of the RSL in two drastically different pressure-gradient flows.173

3. Results174

3.1. Boundary layer development175

The strengths of pressure gradients of the two cases in the attached flow regions are176

quantified using parameters Ke = (ν/U2
e )U

′
e and βe = (δ∗/τw)P

′
e = −Reδ∗(Ue/uτ )

2Ke,177

where τw(x) =
∫
f IB
1 (x, y, z)dydz/(LyLz), δ

∗ is the displacement thickness and Pe is178

the dynamic pressure at the edge of the boundary layer. These parameters have distinct179

physical interpretations: Ke represents the relative influence of viscous effects compared180

to inertial effects under a pressure gradient, while βe captures the relative importance of181

pressure forces to wall shear stress. Figures 2(a,b) show that strong pressure gradients are182

reached in both cases. For the APG flow, the boundary layer separation indicates strong183

non-equilibrium APG. For the FPG flow, Ke values reach approximately 3.5 × 10−6,184

comparable to values (2.5 × 10−6 to 3.5 × 10−6) reported in previous studies of strong185

FPG flows (Volino et al. 2024), where reverse transition toward a quasi-laminar state can186

occur in the case of a smooth-wall flow (Spalart 1986; Piomelli & Yuan 2013). The βe187

values in FPG flows are typically smaller in magnitude (typically up to around −0.5 and188

sometimes −1 in literature) (Volino et al. 2024) due to the increased friction velocity and189

reduced boundary layer thickness under FPG. In both cases, the non-constant values of190

βe indicate that the boundary layers are non-equilibrium.191

The variation of friction coefficient based on the edge velocity Cf,e = |τw|/(1/2ρU2
e )192
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Figure 2. Boundary layer development in the FPG (a,c) and suction-blowing (b,d) cases. In
(a,b), vertical dotted lines mark locations for statistics profiles discussed in Section 3. In (b,d),
shaded areas indicate the zone of flow reversal.

shows a faster drag increase on the rough wall in the FPG flow than the increase of193

freestream velocity (Figure 2(c)). In the suction-blowing flow (Figure 2(d)), Cf,e decreases194

with x inside the APG zone till the region of flow reversal for x/θo ∈ (110, 330) with195

τw < 0. At x/θo ≈ 330, the flow reattaches to the wall at the second location where196

Cf,e = 0.197

The variation of the roughness Reynolds number based on the peak-to-trough height198

k+t = ktuτ/ν shown in Figure 2 (c,d) provides information regarding the roughness199

regime. For the sandgrain roughness used in the FPG flow, Yuan & Piomelli (2015)200

showed that flows with this roughness geometry reach the fully rough regime at k+t ≈ 90201

in channel flows. The present k+t values (Figure 2(c)) show that the flow is transitionally202

rough at x/θo = 0 and becomes nominally fully rough at x/θo ≈ 450. For the harmonic203

roughness in the suction-blowing case, considering that this roughness geometry has a204

threshold of fully rough regime at k+t ≈ 50 in channel flows (Chan et al. 2015), Figure 2(d)205

shows that the flow is fully rough at x/θo = 0. As k+t decreases along x due to a decrease206

of uτ approaching the separation point, the flow becomes nominally transitionally rough207

at x/θo ≈ 100.208

Figures 2(c,d) also show the friction coefficient normalized by the roughness sublayer209

edge velocity, Cf,R = τw/(1/2ρU
2
R), where UR is the mean velocity at the edge of the210

roughness sublayer (to be defined in Section 3.2). In contrast to the Cf,e variation, Cf,R211

remains nearly constant in attached flow regions at large roughness Reynolds numbers212

for both cases, suggesting that τw scales with U2
R rather than U2

e . The implications of213

this scaling relationship will be examined in detail in Section 3.3.214

3.2. Characteristic scales of the roughness sublayer215

The RSL, i.e. the layer bounded by the roughness trough elevation and an upper limit216

at yR, is defined as the layer in which the time-mean flow displays spatial heterogeneities217

due to the presence of roughness (Pokrajac et al. 2007): ⟨ũ2⟩1/2/⟨u⟩ ⩾ γ, where threshold218

γ is a small value, taken as 0.1 here. Figure 3 plots the wall-normal profiles of ⟨ũ2⟩1/2/⟨u⟩219

at various x locations (with darker line color indicating increasing x) for both cases.220

Logarithmic vertical scaling is used as U(y) zero-crossings resulted from organized221



Characterizing roughness sublayer in pressure-gradient boundary layers 7

Figure 3. Determination of roughness sublayer thickness (yR, above which ⟨ũ2⟩1/2/U < 0.1):
(a) FPG case and (b) suction-blowing case.

Figure 4. Streamwise developments of various velocity scales: outer scale (Ue), inner scale
(uτ ) and roughness sublayer scale (UR): (a) FPG case and (b) suction-blowing case.

recirculation regions (to be shown in Figure 6(b)) yield infinite ratios. The specific profile222

shapes inside the RSL are not the same between the two cases, since the roughness223

geometries are different. It was checked that various γ values from 0.15 to 0.3 do not lead224

to a significant change in the calculated thickness. Results show that yR ≈ kt and that225

yR varies only weakly with x (indicating a weak dependence on pressure gradient), even226

for the nominally transitionally rough regions: x/θo = 0 for FPG flow and x/θo = 90 near227

the separation point for the suction-blowing flow. In the study of temporally accelerating228

flows by Mangavelli et al. (2021), the RSL thicknesses calculated in a similar way were229

also shown to be independent of time, for different roughness geometries. Therefore, the230

invariant RSL extent in non-equilibrium boundary layers appears to be robust.231

Based on yR, a RSL velocity scale is defined by UR(x) ≡ ⟨u⟩(x, yR), representing the232

RSL edge velocity.233

Here for practicality UR(x) is calculated as U(x, yR,o), where yR,o is the RSL thickness234

at the reference x location. The choice of using a fixed y location to evaluate UR arises235

from the observation that yR is constant in the attached flow region (as shown in236

Figure 3). Using the local yR(x) to evaluate UR instead would face challenges in the237

detachment region where the dispersive stress profile departs significantly from those238

shown in Figure 3(b), making it difficult to quantify yR(x) there.239
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Figure 5. Streamwise mean velocity profiles in viscous units: (a) FPG case and (b)
suction-blowing case. U+ = (1/κ) log(y − d)+ +B with κ = 0.4 and B = 5.0.

Figure 4(a) shows the streamwise development of this RSL velocity scale UR, together240

with the boundary layer edge velocity Ue and the friction velocity uτ . In the FPG241

boundary layer, the relative increase of UR is greater than that of Ue during flow242

acceleration: UR increases by approximately a factor of 2.4 while Ue increases by a243

factor of about 1.7 in the region x/θo ∈ [0, 450] In the APG region of the suction-244

blowing case UR decreases by a larger percentage than Ue in the region x/θo ∈ [0, 150].245

These are signatures of the non-equilibrium boundary layers. In the detachment region246

shown in Figure 4(b), UR is negative, indicating reverse flow at the roughness crest.247

Examining Figure 4(b), one observes different evolutions for uτ and UR along the248

streamwise direction in the suction-blowing case. An important observation is that UR249

crosses zero at a location further downstream (at x/θo ≈ 170) compared to where uτ250

becomes zero (at x/θo ≈ 110). Wu & Piomelli (2018) compared various identification251

criteria of the separation points on a rough wall and found that the point based on uτ = 0252

occurs significantly more upstream from the actual point of streamline separation. Same253

observation is found here, with the x location of UR = 0 (a criterion based on the flow254

above RSL) representing the location where streamline separation occurs. In addition,255

the asynchronous variations of UR and Ue suggests that UR may be a better velocity256

scale for the flow near the rough wall. Section 3.3 will show that the mean streamwise257

velocity and wake kinetic energy profiles are invariant in x when normalized using UR.258

3.3. Time-mean statistics normalized by RSL scales259

In transient accelerated channel flows (Mangavelli et al. 2021), τw(t) was found to scale260

approximately on UR(t)
2. Figures 2(c,d) compare the streamwise evolutions of the drag261

coefficients obtained based on UR or Ue for both cases, together with the variation of k+t .262

The scaling of τw on U2
R is shown to be also the case in the present spatially developing263

boundary layers in the regions with high k+t . Cf,R takes an almost constant value in264

the attached flow regions in both cases, when sufficiently far from the reversal zone with265

τw(x) < 0. This observation suggests that, when y+R ≫ 1, the drag coefficient (when266

defined appropriately) is invariant with the imposed streamwise pressure gradient and267

its history. On the other hand, τw does not scale with U2
e in either case, as shown by the268

significantly varying Cf,e in Figures 2(c,d). As another note, the infinite Cf,R values in269

Figure 2(d) at x/θo ≈ 170 and 320 are due to UR crossing zero at these locations.270

Figure 5 shows the double-averaged streamwise velocity profiles in viscous scaling in271
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the two cases. Here, the y axis is offset by the amount of virtual origin d—defined as272

the distance from the trough elevation (y = 0) to the centroid of the y-profile of the273

total drag distribution ⟨f IB
1 ⟩o(y) (Jackson 1981) to collapse the log-law layer. Here,274

⟨·⟩o =
∫
(·)dz/Lz. Yuan & Piomelli (2015) discussed the U+ profile variation under275

strong FPG on the rough wall, characterized by an augmentation of the U+ offset in276

the logarithmic layer and a milder log-law slope similar to a smooth-wall boundary layer277

under FPG. The higher offset is consistent with the increase of τw. On the other hand,278

in the suction-blowing boundary layer a strong wake is observed as a result of the APG279

when x moves toward the separation point, together with a decrease in the logarithmic280

offset due to the decrease in τw. After reattachment (x/θo ≈ 320), the augmented wake281

reduces along x toward the equilibrium state. These observations are consistent with282

those from Wu & Piomelli (2018) for a sandgrain roughness. In addition, the scaling of283

hydrodynamic drag on U2
R as observed above indicates that UR, when evaluated in plus284

units, stays approximately constant in attached flows, as U+(yR) ∼ 1/
√
Cf,R, where285

Cf,R is approximately a constant (Figure 2(c)). The yR locations of the U profiles are286

marked by triangles in Figure 5. For the FPG case, indeed an almost constant U+(yR)287

value is shown for all x locations. For the suction-blowing case, some variation is observed288

just before the separation and just after the reattachment (as shown by the profiles at289

x/θo = 90 and 360), consistent with the variation of Cf,R(x) in these regions as shown290

in Figure 2(d).291

The scalings of the RSL statistics including mean velocities, Reynolds stresses and292

dispersive stresses are analyzed next. First, U(y) is plotted using the outer scalings (local293

values of Ue and δ) in Figure 6(a,b) for the two cases in the attached-flow x locations. The294

profiles at different x do not collapse in any part of the boundary layer. The near-wall295

region (i.e. y/δ < 0.1) is characterized by reduction of momentum due to the increased296

hydrodynamic drag as a result of the roughness. Figure 6(a) shows that acceleration leads297

to a fuller profile with stronger shear near the wall, explaining the faster increase of UR298

than that of Ue (shown in Figure 4(a)), while the opposite is shown in the APG flow in299

Figure 6(b).300

When UR and yR are used as scaling variables to non-dimensionalize U and y in301

Figure 6(c,d), a near-wall collapse is found. Due to the normalization, all profiles pass302

through points (0, 0) and (1, 1) in these plots. This allows a better collapse of data in303

the RSL (i.e. region of y/yR ∈ [0, 1]). Surprisingly, the velocity profile shape in the RSL304

is shown to vary only weakly with the strongly non-equilibrium boundary layers, even in305

the regions near the reversal region (x/θo = 90 and 360 in Figure 6(d)). A slight change306

of the profile shape inside the RSL is observed in the FPG flow (Figure 6(c)), which may307

be explained by a transition from the nominally transitionally rough to the fully rough308

state. It is unclear why this weak dependency is not observed for the harmonic roughness;309

a roughness-geometry effect may be present and future work should investigate FPG flow310

with the same roughness geometry. Near y = 0, a layer with negative U values is shown311

in the case with regular harmonic roughness (Figure 6(d)), while this layer is not present312

for the random sandgrain roughness (Figure 6(c)). This layer results from organized313

recirculation regions formed downstream of the harmonic roughness protuberances. The314

crossings of U past zero leads to the peaks of ⟨ũ2⟩1/2/⟨u⟩ shown in Figure 3. The self-315

similarity of U(y) inside the RSL when normalized using the RSL scales is a significant316

finding, as it suggests that models of the RSL U(y) developed using equilibrium-flow data317

(e.g. the composite profile model of Brereton et al. (2021)) may be directly extendible to318

non-equilibrium boundary layers.319

To examine the overall development of the dispersive stresses, y-profiles of the WKE320
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Figure 6. (a,b) U(x, y) profiles normalized by local Ue and δ. (c,d) U(x, y) normalized by local
UR and yR: (a,c) FPG case and (b,d) suction-blowing case. △ represents the roughness crest
elevation.

(defined as ⟨ũiũi⟩/2) in the attached-flow regions are plotted in Figure 7(a,c), normalized321

by UR, for the two cases respectively. Here y is normalized by kt ≈ yR. The WKE is322

strong in the region around y/kt < 1 only, consistent with the definition of RSL based on323

locally significant dispersive stress. The WKE is shown to scales largely on U2
R, regardless324

of the pressure gradients. In the FPG case (Figure 7(a)), the slight difference among the325

profiles may be attributed to the change in roughness regimes as k+t increases, reaching a326

nominally rough regime at x/θo ≈ 450, after which a better collapse is seen. As the rate327

of strain of ũi plays an important role in producing turbulence in rough-wall flows (Yuan328

& Piomelli 2014c), particularly for the non-equilibrium ones (Mangavelli et al. 2021), the329

result suggests some level of self-similarity in the turbulence production process despite330

the non-equilibrium pressure gradients. The dispersive shear stress (Figure 7(b,d)) in the331

RSL, on the other hand, does not scale on U2
R. This suggests that the pressure gradients332

do have some effects on the dispersive stress anisotropy and subtle details of the ũi333

pattern inside the RSL.334

3.4. Weak-equilibrium Reynolds stresses inside RSL335

The streamwise development of the y-profiles of TKE, ⟨u′
iu

′
i⟩/2, and Reynolds shear336

stress magnitudes are analyzed for the suction-blowing case in Figure 8. Two sets of337

normalizations are used: (U2
R, kt) is used to focus on the development of the RSL region in338
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Figure 7. (a,c) WKE and (b,d) dispersive shear stress normalized by U2
R: (a,b) FPG case and

(c,d) suction-blowing case.

Figures 8(a,b), while (u2
hyb, δ) is used to compare the outer layer profiles in Figures 8(c,d).339

The hybrid, friction-pressure-gradient velocity scale of Romero et al. (2022b) is defined340

as the velocity scale associated with the total shear stress, obtained by integrating the341

streamwise mean momentum equation once, assuming that the advection terms are342

negligible,343

uhyb(x, y)
2 = uτ (x)

2 +
1

ρ

∫ y

o

∂⟨P ⟩(x, y)
∂x

dy. (3.1)

Note that the pressure gradient integral in Equation 3.1 typically employs an additional344

assumption that the wall-normal pressure gradient is negligible (Romero et al. 2023,345

2022b). However, here this term is calculated exactly since the flows are strongly non-346

equilibrium. uhyb was found to be a better scaling than uτ in smooth-wall APG flows for347

Reynolds stresses (Romero et al. 2022b) and turbulent velocity spectra (Romero et al.348

2023). In rough-wall flows, the definition using Equation 3.1 applies to uhyb calculation349

in the region outside the RSL only, as u2
τ = (1/ρ)

∫ yR

o
fdy (where f is the body force350

due to the viscous and pressure drag of roughness) requires that the upper limit of the351

integral in Equation 3.1 to be higher than yR. Therefore, only the outer region (i.e. region352

outside the RSL) is plotted for profiles normalized with uhyb in Figures 8(c,d).353
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Figure 8. TKE (a,c) and Reynolds shear stress magnitude (b,d) in the suction-blowing case
near the wall, normalized by U2

R (a,b) or u2
hyb (c,d). In (a,b), represents the roughness

crest. In (c,d), only the region outside RSL (i.e. y/kt > 1) is shown. (Note that, in (c) and (d),
the x/θo = 360 profile is fully or partially out of the picture due to extremely large values.)

Figure 8(a) show that the extent of the RSL coincides approximately with the near-wall354

peak of TKE, a phenomenon due to the intensification of TKE production at roughness355

crest as widely observed. In the non-equilibrium flow regions (i.e. at all x locations plotted356

except the first and the last ones), the TKE profiles inside the RSL are not collapsed by357

RSL scale, U2
R. Instead, the TKE values in the outer layer display much less variation358

when normalized with uhyb (Figure 8(c)) in the whole APG region before the separation359

point (x/θo = 0, 45 and 90). In particular, the profiles almost fall on the same curve at360

the lower edge of the outer layer. After the reattachment (x/θo ⩾ 360), u2
hyb does not361

scale outer-layer TKE, likely because of the history effect associated with the reattaching362

shear layer. Comparison between Figures 8(a) and (c) suggests that the RSL turbulence363

intensity does not scale with UR, and that the reason is because of the pressure gradient364

effect on modifying the mean stress balance above the RSL.365

For the Reynolds shear stress, when normalized by U2
R, Figure 8(b) shows a better366

collapse in the RSL than that of TKE in Figure 8(a). A possible explanation is that the367

active motions producing turbulence are primarily associated with the wake-production368

inside the RSL, i.e. the conversion from the WKE to the TKE (Raupach & Shaw 1982).369
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Figure 9. TKE (a,c) and Reynolds shear stress magnitude (b,d) in the FPG case near the wall,
normalized by U2

R (a,b) or u2
hyb (c,d). In (a,b), represents the roughness crest. In (c,d),

only the region outside RSL (i.e. y/kt > 1) is shown.

Given that the WKE scales well on UR (Figure 7), the intensity of the active motions may370

scale well on UR also. Outside the RSL the profiles differ, due to the lower UR(x) values371

near the separation bubble. When normalized by uhyb, the Reynolds shear stress profiles372

in the outer layer again collapse overall very well, except for locations downstream of the373

reattachment.374

For the FPG case, however, no RSL collapse is observed for either TKE or the Reynolds375

shear stress normalized by U2
R (Figures 9(a,b)). It is not clear what exactly the reason376

might be. The different Reynolds shear stress scaling in flows with opposite directions377

of pressure gradient may indicate some fundamental difference in how RSL turbulence378

reacts to strong pressure gradients of different signs or of different histories. Alternatively,379

it may be attributed to the change of roughness Reynolds number, as in the FPG case,380

the flow develops from a transitionally rough to the fully rough state. When normalized381

by u2
hyb, a slightly smaller spread is seen for the TKE and the Reynolds shear stress382

(Figures 9(c,d)), particularly in peak values compared to U2
R normalization. However,383

the outer layer profiles are not very well collapsed under this normalization, perhaps due384

to the history effect and the non-negligible advection terms.385
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Figure 10. Reynolds stress anisotropy b11 (a,b) and b12 (c,d) in the FPG (a,c) and
suction-blowing cases (b,d).

The results above show that turbulent fluctuations are not in general self-similar (i.e.386

equilibrium) inside the RSL. Next, the concept of “weak-equilibrium” condition (Girimaji387

1996) is explored. Under this condition, the material derivative of the Reynolds stress388

anisotropy is negligible,389

dbij
dt

=
∂bij
∂t

+ Uk
∂bij
∂xk

≈ 0, (3.2)

where bij = ⟨u′
iu

′
j⟩/⟨u′

iu
′
i⟩− (1/3)δij . In other words, the structure of the Reynolds stress390

tensor remains unchanged in time and space, following a fluid particle. It is a form of391

local equilibrium, rather than a bulk equilibrium with respect to far-field parameters such392

as freestream pressure gradients and integral lengths (Brereton 2025). In development393

of Reynolds stress models, the weak-equilibrium condition allows exact reduction of the394

differential transport equations into algebraic ones that are cheaper to solve (Rodi 1976;395

Girimaji 1996; Brereton 2024, 2025).396

Figure 10 displays the contours of b11 and b12 in the two cases. Here, bij values397

are shown for the region with finite TKE (with values higher than 0.001 times of398

the maximum streamwise Reynolds stress values) only, to avoid singularities outside399

the boundary layer. As expected from wall-bounded shear flows, the Reynolds stress400

anisotropy is characterized by positive b11 values (ranging from approximately 0.2-0.4401

throughout most of the boundary layers in the attached flow regions), indicating that a402

significant portion of the TKE is concentrated in the streamwise fluctuations, while b22403

and b33 components (not shown) are negative, except in the vicinity of the reattachment404

point. For the FPG case in the outer layer (y > kt), b11 increases slightly at x/θo ≈ 400, a405
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Figure 11. Material derivatives of b11 (a,b) and b12 (c,d) in the FPG (a,c) and suction-blowing
cases (b,d). In (a,c), normalization is done with local mean shear (∂U/∂y), while in (b,d), the
y-local mean shear at x/θo = 0 is used to avoid singularity due to separation.

sign of rapid distortion under strong shear (∂U/∂y); inside the RSL (y < kt), however, the406

turbulence becomes more isotropic as b11 decreases with the acceleration. b12, however,407

stays almost invariant throughout the boundary layer, including the RSL. In the suction-408

blowing case, the Reynolds stress anisotropy mainly varies inside the detached shear layer409

and the boundary layer immediately downstream of the reattachment. Key features410

include a more anisotropic detached shear layer and more prominent Reynolds shear411

stress near reattachment. Inside the RSL, no significant changes of bij is observed except412

for the region inside the mean separation bubble.413

The material derivatives of b11 and b12 are shown in Figure 11 for both cases. Here,414

dbij/dt = Uk∂bij/∂xk due to the flow steadiness. dbij/dt values are normalized using415

the time scale associated with the mean shear rate, (∂U/∂y)−1. A high magnitude of416

dimensionless dbij/dt will indicate a fast change of the structure of the Reynolds stress417

tensor with respect to the timescale of the mean strain rate, i.e. a departure from the418

weak equilibrium condition. For the FPG case, the local mean shear values are used. For419

the suction-blowing case, however, the y-distribution of mean shear at x/θo = 0 is used420

for normalization, to eliminate singularities at the detachment and reattachment points421

where ∂U/∂y = 0. The very large values outside the boundary layer should be ignored as422

they are artifacts caused by small mean shear magnitudes. In the outer layer of the FPG423

boundary layer (Figure 11(a,c)), a fast rate of change of b11 again demonstrates the rapid424

distortion under a stronger mean shear brought by the acceleration. In this region, the425

rate of change of b12 is weaker in comparison, though not entirely negligible. Similarly, in426
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the suction-blowing case the anisotropy components show non-zero rate of change inside427

the shear layer above y = kt, attached or detached. In contrast, for both cases, b11 and428

b12 are negligible inside the RSL throughout the x domain. The bij variations inside the429

RSL, as shown in Figure 10, appear to be caused by the movement of fluid particles. The430

results indicate that, although the Reynolds stresses inside the RSL are not self-similar431

in a general sense under the normalization tested herein (Figures 8 and 9), the turbulence432

there appears to be in weak-equilibrium, with Reynolds stresses retaining self-similarity433

in time and space, when scaled by the TKE.434

4. Conclusions435

Two non-equilibrium spatially developing turbulent boundary layers over rough walls436

are compared, with the focus on the roughness-sublayer (RSL) statistics in attached437

flows. The data come from DNS and LES simulations of boundary layers, with either438

a strong favorable pressure gradient (FPG) or a suction-blowing boundary condition439

that leads to adverse pressure gradient (APG) then FPG inducing a separation bubble.440

Comparisons are made on how weak to strong non-equilibrium pressure gradients in both441

signs affect rough-wall boundary layer development and the RSL flow statistics. Results442

show that, regardless of the magnitude, direction and history of the mean streamwise443

pressure gradients, some flow properties in the RSL appear invariant when normalized444

using the RSL scales: (yR, UR), where yR is the RSL thickness, measured from the trough445

elevation, and UR(x) = U(x, yR) is the mean streamwise velocity at the edge of the446

sublayer. When normalized using this set of scales, the total drag, mean streamwise447

velocity profiles and wake kinetic energy profiles are shown to be invariant in x, while448

this is not the case when using uτ or Ue instead of UR. In addition, in the attached-flow449

regions, yR is constant regardless of the pressure gradient.450

In contrast, the RSL profiles of Reynolds stresses normalized by U2
R are not self-similar451

in general, although some level of self-similarity is observed for the Reynolds shear stress452

in the suction-blowing case. Given that the Reynolds stresses scale well on u2
hyb at the453

edge of the RSL, the lack of self-similarity inside the RSL is probably due to the effect454

of pressure gradient on modifying the mean stress balance in the outer layer. The RSL455

Reynolds stresses, however, appear to be in local equilibrium as the Reynolds stress456

anisotropy remains invariant in space, following a fluid particle.457

These results provide insights into developing physics-based turbulence closures that458

do not resolve the roughness sublayer. The observed self-similarity in time-mean flow459

statistics indicates that the mean-flow pattern around the roughness elements inside460

the RSL is invariant, regardless of pressure gradient, as far as the roughness Reynolds461

number is sufficiently high. The same observation was made for RSL in transient channels462

(Mangavelli & Yuan 2023; Mangavelli et al. 2021). This observation is also consistent463

with the conjecture of Volino et al. (2024) that ks/k does not change with pressure464

gradients (where k is a physical roughness height). The scaling of τw ∼ U2
R needs to be465

respected in WMLES and RANS models and can be used to evaluate the appropriateness466

of existing roughness treatments in these models. The weak-equilibrium condition of467

Reynolds stresses inside the RSL suggests that existing algebraic Reynolds stress models468

may be extendible to rough-wall flows.469

From a physical point of view, future work needs to systematically test the self-470

similarity observed herein for flows with different pressure gradients, history, roughness471

types, and roughness Reynolds numbers. In addition, the k+s threshold above which the472

self-similarity applies (as well as its possible dependence on pressure gradients) needs to473

be investigated.474
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