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Topographical effects of roughness on turbulence statistics
in roughness sublayer
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Single-point turbulence statistics are compared in the roughness sublayer (RSL) of
turbulent open-channel flows over smooth wall and wall roughness with different textures
using direct numerical simulations (DNS). The goal is to identify how the range of scales
contained in a roughness topography affects the drag generation, momentum transfer,
and energy balance. The presence of large surface wavelengths is shown to reduce the
overall surface slope, leading to a sparser distribution of roughness-wake regions. This may
provide a physical explanation why a wider scale surface tends to produce lower friction
coefficient and higher Reynolds stress anisotropy as observed previously. In addition,
despite recent observations of negligible form-induced turbulent kinetic energy (TKE)
productions over narrow-scale surface such as sand grains and gravel bed, it is shown that
these productions can be significant over a multiscale surface. We also identify several
factors crucial for these productions; they include the roughness drag coefficient, the
roughness geometry function, and both micro- and macroscopic surface scales.
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I. INTRODUCTION 22

Wall roughness plays an important role in many fields of study. A substantial amount of work 23

has been carried out to understand the dynamics of turbulent flows over rough walls, for both 24

engineering and environmental applications, summarized in Refs. [1,2]. For equilibrium wall- 25

bounded flows (such as developed channel flows and zero-pressure-gradient boundary layers) in the 26

limit of very high Reynolds numbers, the validity of Townsend’s outer-layer similarity hypothesis 27

has been well established: outside the roughness sublayer (RSL)—the layer dynamically influenced 28

by length scales associated with roughness—the turbulent motions in a boundary layer at high 29

Reynolds number are independent of the wall roughness, except for the role of the wall in setting 30

the friction velocity, uτ , and the virtual origin, d. 31

Despite the fact that the RSL does not affect the outer layer in equilibrium boundary layers, the 32

RSL flow dynamics are important for turbulence response in many nonequilibrium wall-bounded 33

flows, where the roughness effect may be felt throughout the boundary layer and wall similarity 34

may not apply. For example, Ref. [3] compared a smooth wall with one roughened with sand 35

grains in a flat-plate boundary layer subjected to strong spatial acceleration; on a smooth wall, the 36

pressure gradient leads to rapid distortion of turbulence and quasilaminarization, but the presence 37

of roughness leads to short turbulence timescale and eliminates quasilaminarization. As another 38

example, Ref. [4] compared oscillatory open-channel flow over smooth and rough beds; in the 39

accelerating stage, on the smooth wall turbulence is suppressed, while the time duration of such 40

phenomenon dramatically reduces on a rough bed. Recent work in Ref. [5] of DNS studies of 41
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rough-wall oscillatory wall-bounded flow showed that roughness modulates the near-wall turbu-42

lence and contributes to a fully developed equilibrium turbulence during the time period between43

the early acceleration until mid-deceleration phase, which is absent on a smooth wall [6]. These44

differences between smooth- and rough-wall turbulence responses were explained as a result of the45

modulation of turbulence by the form-induced fluctuation, also termed “wake turbulence” [7], which46

responds more rapidly than turbulent fluctuations to the distortion of the mean and phase-averaged47

flow.48

The RSL transport is also an important topic for environmental and meteorological applications49

where fluxes of momentum and scalar—such as pollutants, heat, and biological agents—inside50

the RSL are of crucial importance. The form-induced fluctuations inside the RSL have been51

given particular attention. They affect the generation and redistribution of turbulent kinetic energy52

(TKE) through additional production and transport mechanisms absent in smooth-wall turbulence,53

leading to a “spectral short-cut” as the large-scale outer-layer flow generates eddies directly at54

the roughness scales. The impacts of the form-induced fluctuations were discussed for canopy55

flows [1,8], three-dimensional roughness geometries [9–11], and urban roughness such as idealistic56

cube arrays (e.g., Ref. [12]) and realistic city layouts [13]. In addition, the effect of form-induced57

fluctuations on RSL transport has been shown to vary with the topographical details; one observed58

effect of roughness texture is on the sign and magnitude of the wake production, which represents59

the direct energy conversion between the turbulence and the form-induced fluctuations. For example,60

experimental studies of flows around gravel-bed [9,14] and DNS studies of flow over sand-grain61

roughness [11] showed negligible wake production compared to the shear production, while for62

canopies the two productions typically reach similar magnitudes [8].63

Understanding the link between topographical details and the RSL flow is also crucial for the64

modeling of the sublayer. One modeling approach is through predictive correlation of roughness65

drag (usually quantified by the equivalent sand-grain height, ks) based on either surface char-66

acteristics or flow statistical quantities. Examples include the correlations based on moments of67

height distribution [15], mean surface slope [16], roughness density [17], and wall-normal turbulent68

fluctuations at roughness crest [18]. Understanding how the geometry affects the local time-mean69

flow pattern and turbulence activity is necessary for the exploration towards a universal correlation.70

Though detailed analyses of the sublayer exist (see Refs. [19–22], among others), current71

understandings of this layer are mostly limited to roughness types that are characterized by narrow72

scales, while many naturally occurring surfaces such as landscape and bathymetry are usually73

multiscale or fractal-like [23]. The fractal roughness has been studied in Refs. [24,25] with the main74

focuses on relevant modeling strategies, while a theory on the fundamental aspects of its effect is75

yet to be established. As a first step toward this goal, this work addresses the following questions:76

(1) To what extent does a wide-scale roughness affect the wall friction and the balances of mean77

momentum and Reynolds stresses?78

(2) What roughness characteristics affect RSL processes such as various TKE production79

mechanisms?80

II. OBJECTIVES81

Fully developed open-channel flows with two rough surfaces are compared: one synthetic sand-82

grain roughness (SG) that is relatively regular, and one replicated from a surface scan on a hydraulic83

turbine blade (TB) that is irregular and multiscale. Both cases are in the fully rough regime to84

eliminate the Reynolds number dependence. DNS simulations are performed with the roughness85

geometry well resolved using an immersed boundary method (IBM). Results are also compared86

to a smooth-wall baseline (SM). The governing equations, numerical methods, and parameters are87

described in Sec. III; Sec. IV presents results on the mean velocity, the stresses and the balances88

of mean momentum, and TKE. As two very texture-sensitive terms in the TKE balance, the two89

form-induced production terms are discussed in Sec. IV E.90
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III. METHODOLOGY 91

A. Governing equations 92

The incompressible flow of a Newtonian fluid is governed by the equations of conservation of 93

mass and momentum: 94

∂ui

∂xi

= 0, (3.1)

∂uj

∂t
+ ∂uiuj

∂xi

= − ∂P

∂xj

+ ν∇2uj + Fj . (3.2)

Here, x1, x2, and x3 (or x, y, and z) are, respectively, the streamwise, wall-normal, and spanwise 95

directions, and uj (or u, v, and w) are the velocity components in those directions; P = p/ρ is 96

the modified pressure, ρ is the density, and ν is the kinematic viscosity. The term Fj in Eq. (3.2) 97

is a body force imposed by the IBM to impose no-slip boundary conditions on the rough surface, 98

which is well resolved by the grid. The IBM method is based on the volume-of-fluid approach 99

[26]; its detailed implementation and validation are provided in Refs. [11,27]. The Fi values are 100

non-negligible in the boundary cells of roughness only. The simulations are performed using a well- 101

validated code that solves the governing equations (3.1) and (3.2) on a staggered grid using second- 102

order, central differences for all terms, second-order accurate Adams-Bashforth semi-implicit time 103

advancement, and MPI parallelization [28]. 104

In the RSL, roughness leads to spatial heterogeneity of the time-averaged variables; these time- 105

averaged fluctuations are separated from turbulent fluctuations using the double-averaging (DA) 106

decomposition introduced in Ref. [7], 107

θ (x, t ) = 〈θ〉(y) + θ̃ (x) + θ ′(x, t ), (3.3)

where θ is an instantaneous flow variable, 〈θ〉 is the intrinsic spatial average in the (x, z) plane, 108

〈θ〉 = 1/Af

∫
Af

θdA (where Af is the area occupied by fluid), θ is the temporal average, θ ′ = θ − θ 109

is the instantaneous turbulent fluctuation, and θ̃ = θ − 〈θ〉 is the form-induced fluctuation. The area 110

averaging carried out in the total area of fluid and solid, Ao, is termed superficial area averaging, 111

denoted by 〈θ〉s = 1/Ao

∫
Af

θdA; the two averaging approaches satisfy the relation 〈〉s = �(y)〈〉, 112

where �(y) is the area fraction of fluid in the (x, z) plane, or the “roughness geometry function” 113

[29], 114

�(y) = Af (y)

Ao

. (3.4)

It is worth noting that the triple decomposition shown in Eq. (3.3) differs from the decomposition 115

of Ref. [30] in that here it is not the organized motions in time, but the time-mean fluctuations in 116

space that are subtracted from the total fluctuations. 117

The calculation of wall shear stress (including both viscous and pressure drag contributions) is 118

by integrating the time-averaged IBM body force F1, 119

τw = ρ

LxLz

∫
V

F1(x, y, z)dxdydz, (3.5)

where V represents the total simulation domain and Lxi
is the domain size in xi . For detailed 120

explanation of this method, see Ref. [27]. 121

B. Rough surfaces 122

The two rough surfaces are shown in Figs. 1(a) and 1(b). The SG surface is formed as a uniform 123

distribution of randomly oriented ellipsoids of the same geometry (adapted from Ref. [26]). The 124
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FIG. 1. Rough surfaces colored by heights of (a) one quarter of SG surface and (b) one half of TB surface.
(c) Power spectra of height fluctuations with wave number κr in x and z.

three semiaxes λ1, λ2, and λ3 (ordered from longest to shortest) satisfy the ratio 1 : 0.7 : 0.5; the125

spacing between neighboring ellipsoids approximately equals to λ1 in all directions. The TB surface126

is replicated from a hydraulic turbine blade (same as surface S4 studied in Ref. [31]), containing127

horizontal surface scales larger than the boundary layer thickness, δ (i.e., the channel half height).128

The initial turbine scan is mirrored in both x and z to produce the final surface that satisfies the129

periodic conditions.130

The characteristic parameters for the two surfaces are compared in Table I. The origin of y131

axis is defined at the lowest roughness trough of each surface. The two surfaces share the same132

first-order moment of height fluctuations, Ra = 0.016δ, similar crest heights (equivalent to the peak-133

to-trough height), kc ≈ 0.1δ, similar root-mean-square, krms, and kurtosis, ku (close to 3.0, indicating134

almost random surface height distribution), and are both peaky (skewness, sk > 0). But they differ135

significantly in the averaged surface slope magnitude, as shown by the effective slopes (ES) in x136

and z [16],137

ESxi
= 1

LxLz

∫
Lx,Lz

∣∣∣∣∂k(x, z)

∂xi

∣∣∣∣dxdz, (3.6)

where k(x, z) is the local surface height; ES values for TB are around 1/4 of those for SG, in both138

x and z.139

The power spectra of height fluctuations are compared in Fig. 1(c). The overall TB spectrum140

is comparable to a power-law distribution with a slope of −2, indicating similarity to a fractal141

roughness. For SG, however, the spectral decay occurs only for scales smaller than the grain size;142

spectral peaks are present at the characteristic grain dimensions, i.e., the semiaxis lengths. The143

comparison shows that the two surfaces differ significantly in the scales of prominent surface144

fluctuations.145

The probability density functions (PDF) of the local surface gradients in x and z are shown in146

Fig. 2. Steep gradients (higher than around 0.25, or 14◦ inclination from a wall-parallel plane) occur147

more frequently for SG than for TB. As a result, one expects more dominant local separation in the148

RSL for SG, and, consequently, a higher pressure drag. The difference between the x- and z-gradient149

distributions is negligible, suggesting that the two roughness textures are free of any predominant150

TABLE I. Characteristic parameters of the surfaces.

Surface kc/δ Ra/δ krms/Ra sk ku ESx ESz

SG 0.09 0.014 1.05 0.48 2.97 0.43 0.44
TB 0.12 0.014 1.17 0.20 3.49 0.10 0.08
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FIG. 2. Probability density functions of local surface gradients, ∂k/∂x (black) and ∂k/∂z (gray), for SG
(—) and TB (– – –) roughness.

direction. The milder overall slope for TB is due to the presence of larger surface wavelengths while 151

the single-point moments of surface height are to be kept constant. 152

C. Simulation parameters 153

The parameters of all cases are listed in Table II. The Reynolds number Reτ = uτ δ/ν = 1000 for 154

all cases. The critical value of the roughness Reynolds number (k+
s ) corresponding to the start of the 155

fully rough regime for these surfaces were found as around 80 and 20 for SG and TB, respectively 156

[31]; the current k+
s values indicate fully rough regime for both cases. The virtual origin, d, is defined 157

as the centroid of the wall-normal profile of the time- and space-averaged total drag distribution [32]. 158

The roughness sublayer thickness, yR , is defined as the location where 〈̃u2〉1/2 reaches 0.06〈u〉, 159

similar to that in Ref. [33]; above this location, the spatial variation of ũ reduces below the threshold 160

value, and the flow is considered not dynamically influenced by roughness length scales. Here, 161

yR/ks = 1.5 and 5.8 for SG and TB, respectively. These values match marginally with the range 162

commonly observed in the literature, which is 2–5 times the characteristic height (ks or kc). Evidence 163

has shown that a larger separation of distributed roughness elements tends to thicken the RSL 164

[34,35]. This is consistent with the current observation, as TB shows significantly larger horizontal 165

separation between the tall protuberances compared to SG due to the large surface undulations. 166

An overall roughness drag coefficient Cd,R can be defined as τw normalized by the velocity 167

immediately outside the roughness wake region, UR = 〈u〉|yR
, 168

Cd,R ≡ τw

1/2ρU 2
R

= 2

(U+
R )2

. (3.7)

TABLE II. Case summary. Superscript + indicates normalization in wall units (uτ and viscous length scale,
δν = ν/uτ ).

Surface Reτ k+
s d/δ yR/δ Cd,R (Lx, Lz )/δ (ni, nj , nk) (�x+, �y+

min, �z+)

SM 1000 (6,3) (512, 256, 512) (11.7, 0.3, 5.8)
SG 1000 78 0.044 0.12 0.031 (6,3) (1024, 236, 512) (6.0, 0.7, 6.0)
TB 1000 24 0.058 0.14 0.015 (13,13) (1024, 259, 1024) (13.0, 0.8, 13.0)
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FIG. 3. DA velocity against (a) logarithmic and (b) linear y coordinates. --- SM, −−−− SG, and −−− TB.
+ Smooth-wall experiment [37]. Thin dashed lines indicate crest locations.

Cd,R characterizes the surface resistance to the overlying flow in the RSL. It has been shown in169

Ref. [3] that for a turbulent boundary layer with strong spatial acceleration of the free stream,170

Cd,R = const. as long as the flow is in the fully rough regime. This is because the RSL flow stays171

in equilibrium regardless of the varying outer layer. In contrast, an alternative coefficient definition172

using the free-stream velocity (i.e., Cf ) varies during the acceleration. This indicates that Cd,R has173

merits in characterizing the wall friction in a fully rough, nonequilibrium wall turbulence. Note that174

Cd,R becomes Reynolds number dependent in the transitionally rough regime and is ill defined on a175

smooth wall. Here, it is found that the TB roughness produces a much lower Cd,R than SG (Table II),176

which will be discussed in Sec. IV A.177

The domain sizes in x and z are (6δ, 3δ) for SM and SG, while (13δ, 13δ) for TB; a larger domain178

is required for TB to accommodate larger surface wavelengths. ni, nj , nk are the numbers of grid179

points in x, y, z. The mesh is uniform in x and z but refined near the wall in y, with three grid points180

below y+ = 1 for SM, and �y+ < 1 in the layer below roughness crest for both rough cases. The181

grid size normalized by the Kolmogorov length, η, is 6–11 in x and z, and much smaller in y. For a182

curved channel flow, scales less than 15η were found to contribute to most of the dissipation [36].183

Thus, the current spatial resolution is considered sufficient.184

Only a half channel is simulated. No-slip and symmetric conditions are applied to the bottom185

and top boundaries of the simulation domain, respectively; periodic conditions are used in x and z.186

A constant pressure gradient is applied to drive the flow. Data are collected for a simulation time of187

T ≈ 50δ/uτ (where uτ is the friction velocity) after the transient.188

IV. RESULTS189

A. DA velocity and pressure-drag generation190

The semilog plots of 〈u〉 profiles are compared in Fig. 3(a). The smooth-wall profile collapse191

well with experimental measurement of a channel flow with the same Reτ [37]. The two rough192

surfaces yield significantly different roughness function, �U+—defined as the mean velocity offset193

in the logarithmic region from the smooth-wall profile; this is consistent with the higher k+
s and194

Cd,R values for SG. An explanation for the higher drag on SG is that the pressure drag is mostly195

generated by peaky surface structures with sufficiently high local slope; these structures are less196

densely distributed in TB geometry. Indeed, the spatial perturbations of time-mean surface pressure197

(Fig. 4) display a sparser distribution of regions with intense negative x gradients (indicator of198

pressure drag) on TB. This may explain previous observations that the large surface wavelengths199

tend to reduce drag generation on fractal surface [25] and realistic roughnesses [31,38].200
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FIG. 4. Rough surfaces colored by time-mean surface pressure perturbation for (a) SG and (b) TB. Partial
domain is shown for clarity. Normalization is done using bulk velocity, ub = 1/δ

∫ 〈u〉dy.

The rough-wall 〈u〉 profiles on linear scale [Fig. 3(b)] manifest a close-to-linear profile for a 201

considerable range below the crest. This is different from an exponential velocity profile with an 202

inflection point at the crest, as commonly observed for canopies (see, e.g., Ref. [1]) and distributed 203

cubical roughness [19,39]. Reference [40] showed that a monotonically increasing �(y) as the crest 204

is approached—such as the present cases—may lead to a linear velocity profile, while an exponential 205

profile can be associated with a constant �. Similar linear profiles are also observed for other 206

types of roughness with d�(y)/dy > 0 such as gravel-bed roughness [9] and spherical segments 207

[29]. 208

B. Reynolds and dispersive stresses 209

The normal and shear components of the Reynolds stress tensor are shown in Fig. 5(a). Wall 210

similarity is demonstrated outside the RSL. Inside the RSL, noticeable differences are observed 211

between the rough cases: TB leads to stronger streamwise component of the normal stresses and 212

weaker values in the other two normal components compared to SG. These differences are more 213

clearly shown in Fig. 5(b) using the anisotropy of the Reynolds stress tensor (no summation over 214

Greek index), 215

bαα = 〈u′
αu′

α〉
〈u′

iu
′
i〉

− 1

3
. (4.1)
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FIG. 5. Tensor components of (a) Reynolds stress and (b) its anisotropy. --- SM, −−−− SG, −−− TB.
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FIG. 6. Tensor components of dispersive stress.−−−− SG; −−− TB.

Near the wall, both rough cases lead to more isotropic TKE distribution among the three directions216

compared to the smooth case; this is consistent with common observations in the literature.217

Between the two rough cases, TB gives a higher fraction of TKE resting in u′. Such difference in218

anisotropy can be attributed to the topographical effect on TKE redistribution by the pressure work219

(see Sec. IV D).220

The normal and shear components of the dispersive stress tensor are shown in Fig. 6. The TB221

surface leads to more anisotropic dispersive fluctuations, with more intense ũ and weaker w̃. In222

addition, the dispersive shear stress, 〈̃u ṽ〉, is significant for SG, but negligible for TB. Thus, the223

wall-normal momentum transfer by the form-induced velocities depends very sensitively on the224

textural details.225

To explain the differences in dispersive stresses, the distributions of ũi inside the RSL is226

shown in Fig. 7 in the wall-parallel plane at y = d; this elevation is close to the peaks of various227

dispersive stress components in Fig. 6. On TB, higher magnitudes of positive ũ are produced in228

the large regions corresponding to the troughs of long-wavelength surface undulations along x;229

such phenomenon is absent in SG. For ṽ and w̃, the peak magnitudes appear similar between230

the two surfaces, but the regions of such intense fluctuations occur less frequently for TB. It is231

possibly because that the more prevalent surface undulations in TB lead to weaker ṽ and w̃ from the232

continuity of ũi field. In addition, for TB the large surface wavelengths in z lead to wake regions233

(negative ũ) with similarly large spanwise scales. These wide wake regions tend to persist for a long234

distances downstream and shadow lower surface structures along the way, contributing to a lower235

form drag.236

The drastic difference in the dispersive shear stress can be explained using the joint PDFs of ũ237

and ṽ inside the RSL (Fig. 8). Quadrant contributions in analogy to those of turbulent fluctuations238

[41] are analyzed. The joint PDF for SG displays an inclined distribution pattern with more intense239

events in Q2 and Q4 than those in Q1 and Q3, leading to non-negligible, negative 〈̃u ṽ〉. For TB,240

the strongest ũ fluctuations in both signs are more intense than those for SG, but the distribution of241

ṽ values are almost symmetric with respect to the ṽ = 0 line, yielding a negligible spatial average242

of ũ ṽ. Such difference is precisely due to the role of large surface scales. For SG, regions with243

ũ < 0 are mostly associated with the upstream portion of a recirculation region behind a surface244

protuberance where ṽ > 0 (upward flow), and regions with ũ > 0 mostly appear in elongated region245

of downward flow at the end of the recirculation, where ṽ < 0. Negative dispersive shear stress246

values were also observed associated with the mean recirculation for cube roughness [42] and247

gravel bed [43]. In contrast, for TB roughness the regions with intense ũ in both signs are not248

distinctively associated with the recirculation phenomenon, but instead with the large-scale surface249

undulations.250
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FIG. 7. Form-induced fluctuations in plus units for SG [(a), (c), (e)] and TB [(b), (d), (f)] in the wall-parallel
plane at y/d = 1. White region is within solid.

C. Mean momentum balance 251

The aforementioned differences in the stresses suggest a change in the mean momentum balance 252

inside the RSL, which is analyzed here. The streamwise DA momentum equation is [7,9] 253

−∂〈P 〉s
∂x

− ∂〈u′v′〉s
∂y

− ∂ 〈̃u ṽ〉s
∂y

+ ν
∂2〈u〉s
∂y2

+ fν + fp = 0, (4.2)

-10 -5 0 5 10
-1

-0.5

0

0.5

1

-10 -5 0 5 10
-1

-0.5

0

0.5

1

|u v|+ = 1

(a) (b)

u+

v+v+

u+

FIG. 8. Joint probability density function of ũ and ṽ for (a) SG and (b) TB at y/d = 1. Contour line values
(in wall units) range from 0.05 to 0.5 with step size 0.05.
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FIG. 9. Mean momentum balance for (a) SG and (b) TB, normalized in wall units. Symbols: ©, pressure
gradient; �, viscous force; �, turbulence inertia; +, dispersive term; �, total drag; and − − −, residual.

where254

fν = ν〈∇2ũ〉s (4.3)

and255

fp =
〈
∂P̃

∂x

〉
s

(4.4)

are the viscous and pressure components of the total drag, respectively. Instead of calculating fp256

and fν individually, the local sum of viscous and pressure drags is obtained as the time- and space-257

averaged F1. The wall-normal profiles of the terms in Eq. (4.2) are plotted in Fig. 9. For both258

rough surfaces, the turbulence inertia transfers outer-layer mean momentum down to the RSL to259

counter the sink due to the total drag; the excessive mean momentum at the top half of the RSL is260

then transferred downward through both viscous and dispersive stresses. The dispersive term is of261

a similar magnitude as the viscous term for SG, while negligible for TB. Nevertheless, the nature262

of the balance does not appear to be texture sensitive, due to the relatively weak magnitude of the263

dispersive shear stress itself.264

D. Energy balance265

The budgets of the normal Reynolds stresses, 〈u′2
α 〉s can be written similar to those in Ref. [9] as266

0 =

⎡⎢⎢⎢⎣−2〈u′
αv′〉s ∂〈uα〉

∂y︸ ︷︷ ︸
Ps

+Pw + Pm

⎤⎥⎥⎥⎦ −
〈

∂

∂xj

˜u′
αu′

αũj

〉
s︸ ︷︷ ︸

Tw

−
〈

∂

∂xj

u′
αu′

αu′
j

〉
s︸ ︷︷ ︸

Tt

−2

〈
u′

α

∂P ′

∂xα

〉
s︸ ︷︷ ︸

�

+ν

〈
∂2u′2

α

∂xj ∂xj

〉
s︸ ︷︷ ︸

Tν

−2ν

〈
∂u′

α

∂xj

∂u′
α

∂xj

〉
s︸ ︷︷ ︸

ε

, (4.5)

where the terms on the right-hand side are, respectively, shear production (Ps), additional produc-267

tions due to the form-induced shear (Pw and Pm), transport due to wake fluctuations (Tw), turbulent268

transport (Tt ), viscous transport (Tν), pressure work (�), and viscous dissipation (ε). Pm and Pw are269
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FIG. 10. TKE budget terms in wall units for SM (lines), SG (filled symbols), and TB (empty symbols).
Lines: −−−−, Ps ; −−−, Tt ; −-−, Tν ; −−−− (thin), Tp; ---, ε. Symbols: 
, (Ps + Pw + Pm); �, Tt ; �, Tν ; ♦,
Tp; ©, ε.

discussed in details in Sec. IV E. Note that, in calculating the spatial averaging in the present IBM 270

framework, the interface cells are not included. If the interface cells are also included, an additional 271

term 2〈F ′
αu′

α〉s—with a small magnitude of 4% of Ps peak value—appears due to the IBM body 272

force, but the nature of the balance is not affected. For the smooth case, Eq. (4.5) still applies with 273

the form-induced terms Pm, Pw and Tw equal to zero. 274

Summing over the three components yields the budget of the TKE, whose terms are shown in 275

Fig. 10, normalized by wall units. Note that the sum of three � components gives the pressure 276

transport, Tp. The residuals are around 2% of Ps , which is considered negligible. Above the RSL, 277

the two rough cases agree well with the smooth case, expected from wall similarity. Inside the 278

RSL, the balances share similarities with the one across the mixing layer created by a backward- 279

facing step [44], presumably as a result of the local shear layers associated with the roughness 280

wake. Specifically, the peak locations of production and dissipation coincide away from the wall, 281

and turbulent transport removes excessive energy from the elevation of maximum production and 282

transfers it toward the wall. The transport due to wake fluctuations and viscosity are negligible. For 283

gravel-bed roughness, Ref. [9] observed a similar balance, with a peak of production at y/kc ≈ 0.8. 284

The current results show a similar peak location of 0.77kc for SG, but 0.60kc for TB. Variation 285

in roughness texture herein does not appear to fundamentally modify the mixing-layer dynamics; 286

instead, it affects the averaged elevation of the local shear layers relative to the crest height. 287

Next, the wall-normal Reynolds stress balance (Fig. 11) is discussed as its intensity at the 288

crest level has been shown to demonstrate significant sensitivity to texture. The productions of v′
289

energy are nonzero in rough cases due to Pw. A significant difference between the two textures is 290

that the fraction of TKE redistributed to v′ through the pressure work is much lower around TB; 291

interestingly, �22 reduces to a negligible level near the virtual origin. Such weakened pressure work 292

is compensated by an increase in turbulent transport (not shown), indicating a clear structural change 293

of turbulence. 294

Figure 12 visualizes the instantaneous pressure work against v′, whose time-and-space average 295

yields �22. The contours are shown in the wall-parallel plane at (y − d )+ ≈ 25, in the elevation 296

where �+
22 differs by around 50% between the two rough cases. It is evident that regions with a high 297

intensity of spatially intermittent pressure work (v′+∂P ′+/∂y+ � 0.1) correspond mostly to the 298

high-slope, tall protuberances (or a cluster of them). This is presumably because of the form-induced 299

shear (∂ũi/∂xj ) formed in the vicinity of these surface elements, which contributes to the source in 300
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FIG. 11. Budget terms of wall-normal Reynold stress in wall units. For legend Lines: ---, ε; −−−, �.
Symbols: 
, Pw; ♦, �; ©, ε.

the P ′ Poisson equation (see Eq. (3.9) in Ref. [3]), or because of the intense mixing-layer turbulence301

activity in the wake regions. For TB, the sparser distribution of such protuberances leads to lower302

�+
22. The dependence of both the v′+ generation and the pressure drag on the peaky protuberances303

lends support to the correlation between roughness drag and crest-level v+
rms, as observed for a wide304

range of roughness [18,22].305

E. Form-induced turbulence productions306

The additional production terms Pm and Pw in the rough cases are associated with the vortex307

stretching by the form-induced shear,308

−2

〈
u′

αu′
j

∂ũα

∂xj

〉
s

= −2

〈
˜u′

αu′
j

∂ũα

∂xj

〉
s︸ ︷︷ ︸

Pw

−2〈u′
αu′

j 〉
〈
∂ũα

∂xj

〉
s︸ ︷︷ ︸

Pm

. (4.6)

FIG. 12. Instantaneous rate of work of pressure fluctuations against wall-normal velocity fluctuations at
(y − d )+ = 25 on (a) SG and (b) TB. Roughness surfaces are shown in white.
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FIG. 13. Breakdown of total production of streamwise Reynolds stress for SG (filled symbols) and TB
(empty symbols). Symbols: �, Ps ; �, Pm; ∇, Pw .

The portions due to ũ′v′
s and 〈u′v′〉 are represented by Pw and Pm, respectively. Despite largely 309

similar total TKE productions between the two rough cases (Fig. 10), the individual production 310

processes can be drastically different. Consider the balance of streamwise Reynolds stress, in which 311

the majority of the TKE production resides. Figure 13 compares the three production terms between 312

the rough cases. The profiles of Ps essentially scale with wall units, due to its dependence on 313

〈u′v′〉. For TB, there is an additional bump of Ps at kc, which might be attributed to the few 314

tallest protuberances. Although Ref. [9] reported that the terms in Pm and Pw involving the vertical 315

derivatives (the only ones that can be calculated from available experimental data) contributed to 316

less than 5% of the total TKE production, the current results show that this may not be the case 317

for a fractal-like surface; Pm and Pw may individually reach magnitudes comparable to that of Ps . 318

However, Pm and Pw take opposite signs, leading to a smaller, less-varying sum. The contributing 319

factors to Pm and Pw are discussed in the following. 320

First, Pm is produced by the spatial-averaged form-induced shear, 〈∂ũi/∂xj 〉s , which varies with 321

DA velocity in the RSL and depends on the �(y) variation [45], 322〈
∂ũi

∂xj

〉
s

= 〈ui〉d�(y)

dy
. (4.7)

Therefore, Pm in the TKE budget can be recast as 323

Pm,ii = −2〈u′v′〉〈u〉∂�

∂y
. (4.8)

Note that Pm,22 = Pm,33 = 0 as 〈v〉 = 〈w〉 = 0. In the limiting case with a constant � along y, such 324

as vegetation canopies and wall-mounted cubes, Pm is zero. For the current rough surfaces, both 〈ui〉 325

and the varying �(y) play a role in determining the Pm value. The contributing factors in Eq. (4.8) 326

are compared in Fig. 14. The drastically higher Pm values for TB is mostly attributed to the higher 327

〈u〉+ due to a lower Cd,R , as well as the peak of d�/dy being at a higher location where the mean 328

velocity and Reynolds shear stress are appreciable. 329

Next, the Pw term is analyzed. Its contours for the three normal Reynolds stresses, Pw,αα , are 330

compared in the wall-parallel plane at y = d in Fig. 15. Regardless of texture, the local values of 331

Pw (especially the 11 and 33 components) are highly intermittent—capable of reaching over 0.1 in 332
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FIG. 14. [(a)–(c)] Contributing factors to (d) Pm for the rough cases. −−−− SG, --- TB.

plus units—and the overall magnitudes are higher for the 11 component. On TB, Pw,11 demonstrates333

both large and small scales connected to the scale distribution of the surface, while the other two334

components are predominantly associated with small surface scales.335

Each Pw,αα consists of three terms,336

Pw,αα = Pw,αα,1 + Pw,αα,2 + Pw,αα,3, (4.9)

FIG. 15. Components of Pw for SG [(a)–(c)] and TB [(d)–(e)] in wall-parallel plane at y = d , in wall units.
White region is within solid.
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1

2 3
Pw,11,2>0Pw,11,2<0
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Pw,11,1>0
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Pw,11,3>0
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(c) High shear, low Reynolds stress
Pw,11,2 < 0

3 3

FIG. 16. Sketches of local flow characteristics to explain Pw,11 distribution in Figs. 15(a) and 15(d): Typical
flows around an isolated protuberance in (a) (x, y ) plane and (b) (y, z) plane (viewed towards +x direction,
and (c) over a large-wavelength surface undulation. Numbers 1–4 indicate flow characteristics discussed in
text.

where 337

Pw,αα,β = −2

〈
˜u′
αu′

β

∂ũα

∂xβ

〉
s

. (4.10)

Each term is determined by the three-dimensional distributions of two flow quantities, ˜u′
αu′

β and 338

∂ũα/∂xβ . Thus, to fully explain the Pw distribution, one needs to analyze the spatial distributions 339

of 18 quantities, which is beyond the scope of this paper. Here, we focus on the most intensive 340

component—Pw,11—and look for general connections between the surface geometry and the pattern 341

of each term in Eq. (4.9). 342

To explain the flow patterns, one may generalize the previous findings on an isolated, wall- 343

mounted obstacle of standard geometries to the isolated tall protuberances (or their clusters) herein. 344

For an idealized obstacle such as a hemisphere, a cube, etc., several flow features are established 345

[46–49]. First, a horseshoe vortex system is generated upstream of the obstacle below the stagnation 346

point due to the adverse pressure gradient. Past the stagnation point, an attached shear layer is 347

formed upstream of the obstacle. A mean recirculation region exists behind the obstacle, wrapped by 348

a three-dimensional shear layer; turbulence grows inside the shear layer through Kelvin-Helmholtz 349

instability. These features are summarized in Figs. 16(a) and 16(b). 350

For the present irregular surfaces, the characteristics of Pw,11,β inside the RSL are conjectured 351

based on the above-mentioned flow features, and sketched in Fig. 16. Together, they provide a gross 352

explanation of the Pw,11 contours in Figs. 15(a) and 15(d). 353

Characteristic 1. Inside the downstream recirculation [Fig. 16(a)], u′2 and u′v′ are near zero, i.e., 354

ũ′2 < 0 and ũ′v′ > 0 (note that 〈u′v′〉 is negative); also, ∂ũ/∂x > 0 as the local flow accelerates in 355

x, and ∂ũ/∂y < 0 (i.e., milder local mean shear inside the separation region relative to the spatial 356

average) due to the inflection point of the u profile inside the shear layer. These phenomena lead to 357

positive values of both Pw,11,1 and Pw,11,2. 358

Characteristic 2. In the upstream attached shear layer [Fig. 16(a)], ∂ũ/∂y > 0 as the local mean 359

shear is steeper than the spatial average, and ũ′v′ > 0 as u′v′ is positive or near zero; as a result, 360

Pw,11,2 < 0. Such u′v′ behavior is probably due to the attenuation of v′ fluctuations normal to the 361

inclined surface. For flow over staggered array of cube elements, Ref. [42] also observed positive 362

values of u′v′ immediately upstream of the cubes. 363
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Characteristic 3. The three-dimensional shear layer is associated with stronger local mean shear364

and Reynolds shear stress than their plane-averaged values. As a result, at the top of the recirculation365

[Fig. 16(a)], ∂ũ/∂y > 0 and ũ′v′ < 0, and thus Pw,11,2 > 0; at the sides of this region [Fig. 16(b)],366

both ∂ũ/∂z and ũ′w′ change sign moving from one side to the other, leading to positive Pw,11,3 on367

both sides.368

Characteristic 4. For TB, a mild-slope, long-wavelength surface undulation forms a thin fluid369

layer above, following their contour [Fig. 16(c)]; this layer is characterized by steeper local mean370

shear compared to the average (∂ũ/∂y > 0) and damped Reynolds shear stress due to the proximity371

of the surface (ũ′v′ > 0); together, they yield negative Pw,11,2 values.372

In general, characteristics 1–3 apply to flows around local surface structures with steep slopes,373

where separation occurs; for SG, these are the dominant events, with the positive and negative374

Pw contributions almost canceling out. For TB, characteristic 4 is prominent, contributing to a375

significant negative spatial average. These observations show that both large and small surface376

structures play a role in determining the averaged Pw value.377

V. CONCLUSIONS378

The dynamics of the roughness sublayer are important in setting the friction velocity scale for the379

boundary layer above and in modulating the turbulence response to mean distortions. In this work,380

the role of roughness texture in affecting the single-point statistics of turbulence in this layer is381

investigated based on DNS data of developed open-channel flows over a synthetic sand-grain (SG)382

and a fractal-like, turbine-blade roughness (TB).383

The large surface scales reduce the overall surface slope if the height statistics (mean height,384

root-mean-square height, etc.) are kept constant. This leads to several important changes inside the385

RSL. First, it reduces the occurrence of roughness wakes, which form in regions with high local386

surface slopes and in turn generate pressure drag and intense mixing-layer turbulence activity. This387

explains previous observations that the large wavelengths tend to reduce drag generation. Also,388

the dominance of attached flow over local recirculation regions leads to nontrivial, symmetric389

quadrant contribution of the dispersive shear stress that averages to nearly zero. As a result, the390

dispersive momentum flux is negligible, despite intense normal dispersive stresses. In addition,391

the TKE redistribution to the v′ energy appears to be associated with the high-slope surface392

protuberances, possibly due to the intense form-induced shear and mixing-layer turbulence activity393

in the wake regions. As a result, the Reynolds-stress anisotropy is enhanced on account of large394

surface wavelengths, which may explain the good correlation between the roughness drag and the395

crest-level v+
rms, as widely observed for a wide range of roughness.396

The textual effects on various turbulence production mechanisms are also identified. The shear397

production, Ps , peaks near the roughness crest and essentially scales with wall units. In contrast,398

the individual form-induced productions (Pm and Pw) are more texture-sensitive and peak at a399

lower elevations where form-induced fluctuations are intense. In particular, three textural factors400

can be identified: (1) The roughness drag coefficient determines the DA momentum in the RSL401

and subsequently the intensity of form-induced shear that produces turbulence. (2) The roughness402

geometry function (�) is a key factor in the correlation between the wall-normal variations of the403

spatial-averaged values of Reynolds shear stress and the form-induced shear, affecting Pm as a404

result. (3) Both small (usually peaky) and large (usually undulatory) surface structures play a role405

in determining the correlation of the spatial perturbations of Reynolds stresses and mean velocities,406

which affect the magnitude and even the sign of Pw.407

In contrast to previous results that suggest negligible Pw and Pm of TKE in the cases of narrow-408

scale roughness, it is shown here that these production terms can reach magnitudes comparable to409

the shear production for a multiscale surface. In addition, it is important to analyze the individual410

production terms despite the fact that their sum appears less texture sensitive as they partially cancel411

out. This is because, in nonequilibrium flows, these two terms may react differently to imposed412
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distortions, as the product of two spatial perturbations may behave drastically differently compared 413

to the product of their spatial means. This needs to be clarified in a future investigation. 414
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